AJITEBPA 2: geaumocTs B KOIbIIAX U aIropuT™M EBkanga

[l1s 3adeTa MO KaxKJIOMY JIUCTKY HOCTATOYHO CAATH BCE 3aJa9d CO 3Be3M0UYKAMHU, JUOO BCe
3aga4qd 6e3 3Be3M0UeK. 3aJadd C IBYMSA 3Be3T0UKaMU MOXHO He caaBaTh. CpaBmumMm k 3amad c
IBYMsA 3Be3J0UYKAMHI Pa3peIIaeTcsa He COaBaTh 2k 3aJad CO 3Be3MOYKAMU U3 TOrO e JUCTOUKA.
3amga4un, o6o3HauenHbie (1), cregyeT caaBaTh BCEM.

AJI'EBPA 2: geanmMmocTh B KoJabllax u aaroputM EBxkimga

HauGoapmuy o6mINKM JeJUuTenb
[Iycts R — KOJBIIO.

Omnpepenenne 2.1. [lenurenun HyJAA B KOJbIle R DTO Takue HEHYJEBLIE DIEMEHTHI T, Y, ITO
xy = 0. R HaswsiBaeTCsA 06JACTHIO IEJIOCTHOCTH, ecau B R HeT menwrenen Hy.s.

Ha nporsxkenun >Toro amcTka, BCe KOIbIA MPEANOIaraloTcsa 00J1acTAME IeJ0CTHOCTH.
Onpepenenune 2.2. O6paTuMbIi 31eMeHT B 1! HasbIBaeTCA eJUHMAIICH KOoabla .

3amaga 2.1. [lenwie rayccoBBl YucIa — 3TO KOMILIEKCHBIE 9uCIa BUaa T + yy/—1, rae x, y memsie.
MokaxuTe, 9T0 OHA 06Pa3yIOT Koabo. OHO o6o3HadaeTcsa Z[y/—1 .

3agaga 2.2. OnumuTe BCe eIUHUIBI B KOJIbIE IEIBIX MayCCOBBIX TUCE.
Ykazauue. Eciau koMmmiekcHoe 9ucao z o6patumo B Z[y/—1], To 2Z Toxe obpatumo B Z[v/—1 ].

3ama4a 2.3. 3adukcupyeMm Ieaoe MOJOKUTEIbLHOE TUCIO N. PaccMOTpUM MHOXKECTBO BCEX KOM-
IJIEKCHBIX IUCeT BUAA T + Y/ —n, TJae x, y measie. [JoKaxuTe, ITO 3TO KOJIbIIO.

3agaga 2.4 (*). 3adukcupyeMm meroe MOJOKUTEIBLHOE HEUYETHOE TUCAO N. PAacCMOTPUM MHOXKe-
CTBO BCEX KOMILICKCHBIX YMCET BUIA, % V=3 Ile x, y OJHOBPEMEHHO YeTHEIE TGO OJHOBPEMEHHO

HEYIETHHBIC. ﬂOKa)KI/ITe, 9TO 3TO KOJBIO, W ONUIINTE BCE €IMHUIIBI. Mer 0603HaQUYUM 3TO KOJBbIIO

—_—

N}

Omnpegenenune 2.3. [Iycts R xoabio, x,y € R snmementsl R. Ecin © = yz B8 R, TO roBopAT, 9TO

r meauTca Ha y B R, a y geaut . OTHOIIEHNE TeIAMOCTH O0O03HATACTCA T : 1.

Omnpepenenne 2.4. Ilycte R — koabno, z,y € R saementsl R. HamGoapmun o6mumn ge/n-
reab (HO/) x,y — 570 Takou sieMeHT 2z € R, 9T0 2z fequT X U Yy, U 1S BCAKOTO Z', TeJAMWEro ,
Z! mennT z. T ¥ Y HA3LIBAIOTCA B3AMMHO MPOCTBIMH, ¢CIu 1 — HANOOIBIINNA OOIINN JeIUTEIb T, .

Boob6ime roBops, B mpOuM3BOILHOM KOJBIE MIA TPOU3BOILHBIX niaeMeHToB HO/I mMoxeT m He
CYIIECTBOBATh.

3agaga 2.5. Jokaxure, uro ecau HO/I cymecTByeT, TO OH eIMHCTBEHHBIN ¢ TOYHOCTBIO IO eIN-
HUIIEL eCau 2 U 72 — HamOOoJabIue o0mue JeIUTeIn L U i B Koable R, To 2z = eZ', rae e — eguHMNA
Koabla K.

3agada 2.6. Ilycre Q(2) - MHOXKECTBO BCEX DALMOHAIBHBIX HYHCEN, TPEJCTABIEHHBIX APOOAMU

BHU 1A % C HEYCeTHBIM 3HaM€HaTeJaeM (. ﬂOKa)KI/ITe, ITO 5TO MHOXECTBO 3aMKHYTO OTHOCUTEIBHO

VYMHOXKEHUA U CJI0KECHUA N 06pa3yeT IMOAKOJBIIO B KOJBIE PalllOHAJBbHBIX YTMCE.I.
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3agaga 2.7. Ilpusexure mpumep HeoOGpaTuMoro srementa B Q(2).
3agaga 2.8. Omumure eauaunsl Koabina Q(2).

3agaga 2.9 (!). Toxaxwure, aro B Q(2) cymecTByeT HARGOJIBIINE OGN JEIUTEb JTOOBIX IBYX
DJICMEHTOB.

Ykazauue. [lokaxure, 9To d060u saemenT Q(2) mpexcrasum B Buge 2", rie e — eIUHUIA.

Onpenenenne 2.5. [lycts p — samemenT koabia K. OH HA3BIBAETCA HPOCTBIM, €CIN I JIOOBIX
q,r ¢ p = qr mbo q, TmO6O r — eTUHUATIA KOJbIA I?.

3agaga 2.10. Onuumre Bce mpocThie HaeMeHTH B ((2).

/1eaMMOCTb B KOJbIIE IIEIbIX YHCEI

3agadga 2.11. ITlycrs z, y — meable MOIOKUTETbHBE YUCIA, & 2 = (T — kY) — OCTATOK OT [eleHUs
x Ha y. Jokaxure, uro eciu HO/(y, z) cymectsyer, To HO/l(z,y) Takxe cyuecTByer, u paBeH

HO/(y, z).

Omnpeaenenne 2.6. Agmropurm EBkanmga Geper aBa meJIbIX MOJOKUTETHHBIX YUCIA X, Y, T > Y, U
BBIIAET Ie0€e MOJOKUTEIbHOE TUCIO 2.

a. Ecim x memurces Ha y, aIropuT™m 3aKaHIMBaeT CBOIO paboTy U BBIJAET B KAIEeCTBE Pe3y1bTaTa
Y.

6. Ecan x He meamres Ha 1, aICOPUTM MOBTOPAET CBOIO PAbOTY, IPUMEHEHHBIN K YUCIaM T1 = 1,
y1 =2 — ky, roe x — ky ocTaTOK OT HEIeHUA T Ha .

3agaua 2.12. [lokaxwuTe, 9T0 airopuT™ EBKIMIa 3aKaHINBAET CBOIO PAOOTY MOCTE KOHETHOI'O
YUCIa UTepPaIun

3agaga 2.13. [[okaxuTe, 9TO Pe3yabTAT NIPUMEHEHAA AIrOPUTMA EBKINIA K HeaBIM YucIaM T, i
asaserca HO L (y, z)

3agaga 2.14. Pemnre 3agady 1.26 u3 auctka 1 (ecau BEL ee ele He PEIINIn).

3ama4ga 2.15. [/lokaxuTe, YTO pe3yabTaT MpUMEHEHUA aaroputMa EBkInga K duciam x, y BeIpa-
KAETCA KaK JUHENHAA KOMOMHAIMA T U Y C MeJbIMu Kod(pPUIueHTaMu: z = ax + by.

3ama4ga 2.16. IlycTs x, y — B3auMHO MPOCTHIE TeJbIe YUCIA, & P — IpocToe ducao. IIpeamonroxum,
YTO TY AeIuTca Ha p* IS HEKOTOPOTO HATYypaabHOTO «v. [loKaxuTe, 9TO WM X AEAUTCA HA pP°,
WIn Yy TeTUTCA Ha P°.

3agaga 2.17 (!). Beegure u3 5TOr0 0IHO3HAYHOCTD PA3IOKEHUsA HA MIPOCTHIE MHOKUTEIN: eCIN
eJaoe MOJOXKUTEIbHOE YUCAO T NPeICTABICHO B BUIE NPOW3BEeIeHUA NPOCTHIX IUCET IBYMA CIOCO-
6aMu, TO BTH IBa CHOCOOA OTIUIAIOTCSA JUIMIb TOPATKOM COMHOXKUTETEH.

YkaszaHue. 3anumnTe T B BUIe IPOU3BEICHUS D, ", TIe P; PA3HbIE NPOCTHIE YUCIA, U BOCIOIB3YU-
TeChb MpPeIbIIYIIeH 3agatder, ITOOb YOeIUTHCA, ITO MOKA3ATeIb (v OMpPeIeIeH O0THO3HATHO.



AJITEBPA 2: gemumocTs B KOIbIIAX U aIropuT™M EBkanga

dakTopuaIbHbLIE KOJbLIIA

Onpenenenne 2.7. [lycts R — koawno. /IBa pasioxenus r € R Ha OpocTble MHOXHUTEIHA, I =
P1P2---Pks T = (1(2...Q) HA3BIBAIOTCA DKBUBAJEHTHBIMU, €CIU TOCJAE HEKOTOPOW MEePECTAHOBKU CO-
MHO)KI/ITeJIteI Pi; 1 TOMHOXKCEHUA ITPOCTHIX COMHO)KHTGJIGﬁ P; Ha eIMHUIBI KOJbIa MBI IIOJIYYUM Da3-
JOXKEHue " = q1qs...qx. MBI TOBOPUM, UTO X paKkTOpHAIbHOE, UK XKe KOJbIIO C OTHO3HAYHBIM
Pa3HOXEeHUEeM Ha MHOXKWUTEJJH, eCIU 11 JI000ro r € R pasaoxeHue r B IPOU3BEICHAE TPOCTHIX
YUCET CYIIECTBYET U €IUHCTBEHHO C TOYHOCTBIO MO DKBHBAJIEHTHOCTH.

3ameuanme. Tepmun “daxkTopuwaibHOe” 3BYYUT CTPAIIHO, HO OH, YBBI, BOIIEJ B TPAIULINIO; TTO-
AHDVIMUACKY, HATIPUMED, TO XK€ CaMOe Ha3bIBaeTCA Kyxa 0OoJee TOHATHBIM CIOBOCOYETAHWEM Unique
factorization ring (6ykBaIbHO “KOJBIIO ¢ €IMHCTBEHHBIM Pa3iokeHueM” ).

3agaga 2.18 (!). Ilycrs B Koiblie R CYMIECTBYET PA3IOXKeHUe HA MPOCTHIE MHOXKUTENW, U HAU-
OOJMBIINNA OOIIMU AETUTENh 2 JIOOOW Maphl 3JeMEHTOB I, Y. [lycTh K TOMy ke z BeIpaxkaeTcs B R
KakK JUHenHasd KOMOWHauusa x,y: z = ax + by ¢ xoapdunmentamu a,b € R. [Jokaxure, a0 R —
daxkTOpraIbHOE KOJBIO.

Ykazanue. Bocnos3yuTech I0Ka3aTeIbCTBOM, MPUBEIEHHLIM BBIIIE I HEIBIX THCE.

3agaga 2.19. 3aduxcupyem meaoe MOJOKUTETbHOe ducao n. Pacemorpum koawuo Z[y/—n] C C
KOMILTEKCHBIX 9ucel BUAa 2 = T + y\/—n, T u y nersie. JokaxuTe, 910 |2|? — meroe 1A Beex

z € Z[\/—n).
3agaua 2.20. [JokaxuTe, 4To 2 — eAuHANA B Z[\/—n] Toraa m Toabko Toria, korga |z|2 = 1.
Ykazanume. |z ']? = (|2]?)"L

3agaga 2.21. [lycts 2 — Takon aaement Z[y/—n], aro |z|? npocto B Z. lokaxuTe, 9TO 2 MPOCTO

B Z[/—n)].
Ykazanme. |22/ = |2)?|2/|%.

3agaga 2.22 (!). Pacemorpum koabio Z[y/—3]. Jokaxure, 910 2 u 1++/—3 npocToie. Beiequre
3 5TOro, 9To Z[v/—3| He dpakTopuaILHO.

Ykazaume. BocnoabsyiTecs cooTHOmenumeM 22 = 4.

r[';GJIGHI/IG C OCTaTKOM B KOJBIIaX

Onpenpenenne 2.8. [lycts R HexkoTOopoe koabmno. Mer roBopuMm, ¥yTo B R 3agaHo meneHume C
OCTATKOM, eCJU IS KaXKI0u mapel x,y, ¥y # 0 B R 3amganst 2,k € R, yIOBIeTBOPSIOIIEe COOTHO-
mennio z = xr — ky. B »ToMm caydae z Ha3LIBaeTCA OCTATKOM OT AE€J€HUS U k 9aCTHBIM.

ITpumepsr. [Jenenne ¢ 0cTATKOM 3a1aHO B KOJbIE [ebIX Ynucel. Eie gereHne ¢ 0CTaTKOM 3a,1aHO
B KOJbIIe MOInHOMOB k[t] Hax morem k:

2 +2r — 12|z +5

2% + 5x r—3
—3xr —12
— 3z —15
3
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Onpenenenne 2.9. [lycts B koabne R 3agano gerenme ¢ octarkoM. AaroputMm EBkiuga B
R mpumenseTca K mape x,y HEHYJEBBIX »JeMEHTOB W3 R m omnpenerseTcsa pekypcuBHo. Ecaim x
IeTUTCA Ha ¥y, aaropuT™M EBKIMIa ocTaHaBIMBaeTCA W BBITAET B KadecTBe pesyabTaTa y. Ecanm
XKe I He JeJuTCA Ha Y, TO aaropuTM EBKaumma mpumeHseTcsa K mape ¥, 2z, TAe 2 €CTh OCTATOK OT
IeTeHnsA T Ha Y. ATPUOpH, 3TOT MPOLECC MOXKET IIAThCA OECKOHETHO.

3agadga 2.23 (!). Ilycrs B Koabue R 3am1aHo gefeHne ¢ 0cTaTKOM. [IpeamosoRuM, 4T0 alropuTm
EBkauga, npumenenusn K mape x,y € R, ocTaHOBWICA Yepe3 KaKOe-TO YUCIO IMIArOB W BHIIAT B
KadecTBe pesyabTara z € R. [lokaxwuTe, 9TO

a. z = ax + by maa xkakux-to a,b € R.

6. 2 ecThb HAMOOJABIINN OOIINU TeJUTETh T U .

Ykazanme. [[okazaTenrbCTBO B CIydae MPOW3BOIHLHOIO KOJBIA TOCJAOBHO TaKoe XK€, KaK W /s
KOJMBIIA MEeJTBIX IUCEeT.

Onpenpenenne 2.10. Ilyctes R koabno. ['oBoputcs, uto B R cymecTByeT atroputMm EBkinna,
nm xKe R eBKJAMAOBO eciu B R 3a1aHO JeleHWe ¢ OCTATKOM, W IaA JIOOBIX =,y € R arropurwm
EBkanga sakaHIuBaeTCAa depe3 KOHETHOE MUCIO MIArOB.

3agada 2.24 (!). I[Iycrs B koablle R cymecTByeT pas/iokKeHWe HA MPOCTble MHOXKHUTEMN U AIr0-
putMm EBkanma. [Joxaxute, uTo R (paxTOpmaIbHO.

Ykaszanue. Bocnoab3ynTech BHIMIENPUBEIEHHBIMEA 3a,1a9aMI
3agaua 2.25. [Joxaxwure, 4T0 KOIbLO k[t] MHOrOWICHOB HaJ moxeM k GaKTOPUATLHO.

3agaga 2.26. [lokaxure, 94To ypaBHenue t -y = 0 mepaspemnno (musa x,y # 0) B k[t] mod P
TOr'Ta U TOJBKO TOI'Ta, KOT'J1a MHOI'OYJICH P HEeIpruBO ANM.

llenas qacTh [2] KOMIIEKCHOTO 1ncaa z = 2 +y+/—1 onpegeaserca kak [z +0.5]+ [y +0.5]v/—1,
rae [ ] o6o3HavaeT Omepanuio B3ATUA MEI0H YACTH AIA BEIMEeCTBEHHOTO YUCIa (eCAd WHTepPIpeTH-
POBATH KOMILTIEKCHBIE YHMCIA TEOMEeTPUYECKHM KAaK TOUKH MIOCKOCTH R?, To [2] — Gamxaiman x 2
TOYKa ¢ MeTsMu KoopauaaTamn). Jlerenue ¢ ocTaTKoM B Koabie Z[y/—1] measrx rayccoBex wmcer
OTPEEIACTCS CIICAYIOMIM 0GPA3OM: TACTHOE OT JICJICHUA C OCTATKOM 2] Ha 2z PaBHO [2], a ocTaTox
paBen 21 — [ZL]2,.

3agadga 2.27. [lokaxure, 9T0 < |29).

2
21— [5] 22

3agaga 2.28. /lokaxure 9T0 B Koable Z[v/—1 | HeJbIX rayccoBbIX Wmcen airoput™m EBkiammpa
BCerIa 3aKaHINBAETCA.

Ykaszauue. BocmoassyiTecsh Ipebiayen 3ajadei. BoiBequTe, 9TO HA KAXKAOM IMIATe AIrOPATMA
Esxmga ymenbmraetca min(|z[?, |22]?).
o~

Myctes R = Z[\/—n] wm R = Z[/-3]. Iaa mo6oro z € C obozmatnm 3a [2]p Gruxaimyio K
Z TOYKY KOMILIEKCHOU ILIOCKOCTH, COOTBETCTBYIONIYIO Yucay u3 R. Ecim Takux Touex HEeCKOJBKO,
BO3bMEM Ty, B KOTOPOU 3HaueHue Re[z]r (BemecTBeHHOU 4YacTH) GOJbBIIE, & €CIN U TAKUX TOTEK
HECKOJIBKO — BO3BMEM Ty, y KoTopou Im[z]r (MEHUMAS YacThb) Goabiie. OmpenennM neJeHue 2, Ha 2o
C OCTATKOM TaKMM 0GPa3oM, 9TO TACTHO® OT JeMeHHS C OCTATKOM 2 Ha z; PaBHO [ZL]p, a ocTaTok
paBeH 2y — [%]RZQ.
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3agaga 2.29 (*). [Tokaxure, 9T0 mpu n = 1 MBI TOIYIUM CTAHJAPTHOE TEIEHUE ¢ OCTATKOM B

Z[v/-1]

3agaga 2.30 (*). Ilycts |z — [2]g| < 1 mag Beex z € C. [Jokaxkure, ITO HA KAXKIOM IIAre AIC0O-
puTMa EBKImMIa yMeHbITaeTCA |22

3agaga 2.31 (*). Ilycts mua kaxgon Touku z € C mamgerca r € R rakom, uro |r — z| < 1.
[okaxure, 970 R eBK.IUIOBO.

—_—

3agaua 2.32 (*). [lokaxuTe, 9TO cleIyIoOMMe KObIa eBKIMIOBEL Z[v/—2], Z[\/=3].

3aga4ua 2.33. Pasoxure qmcio 2 Ha TPOCTHIe COMHOKUTETH B Z[v/—1].

Ykazanue. Bocnoassyurecs 3agaden 2.21.

3agaga 2.34 (*). Pasnoxure wncaa 3, 5, 7 Ha mpocThie coMHOKUTeN B Z[y/—1 |.

3agaua 2.35 (*). JlokaxuTe, 9To mpocToe B Z 1uciao Buga p = 4k + 3 Bcerga npocto B Z[y/—1].
Ykazanue. [[okaxuTe, 9TO p HE MPEICTABUMO B BHIE CYMMBI KBaJIPATOB

3ama4a 2.36. Ilycts 2z = a + by/—1 1memoe rayccoBo 4muCIO, KOTOpoe He meauTcsa Ha 1+ /—1.
[Ipeamonoxum, IT0 a 1 b B3auMHO IpPOCTHL. /[JOKaxKuTe, 9TO 2z U Z B3AUMHO IIPOCTHI.

Ykazauue. [[okaxure, ITO €Cad ¢ U b B3AUMHO MPOCTHL B Z, TO 2 MOXKHO TPEICTABUTH B BUE
JUHEWHOU KoMOwHanuu a + byv/—1, a — by/—1.

3agaga 2.37 (!). Ilycts a,b,c — Takue B3aUMHO TIPOCTHIE Hedbie duca, 9To a’ + b> = ¢?. [loka-
KuTe, uTo ¢ = 2|, maa xaxoro-to z € Z[/—1].

Ykazaume. Bocnoassyirecs Tem, uro ¢ = (a + by/—1)(a — by/—1), a a,b B3anMHO TPOCTHL.
[IpuMeHnTe e IMHCTBEHHOCTH PA3/IOKeHUs Ha IPOCTHIE MHOXUTEN B Z[\/— 1], u BeIBeAUTE U3 HTOrO,
9ITO KaX IbII IPOCTON COMHOKUTENb ¢ + by/—1, a — by/—1 BecTpedaeTcs IBaXK IHL.

3amaga 2.38 (!). YkaxuTe Bce TPOUKH HEJLIX 9ACET a, b, ¢, Takux, 9T0 a’ + b* = ¢ (“ykaxute”
cIeIyeT MOHMMATH KaK “HammmuTe (GOopMyILy, KOTOpas faeT BCe TAKHe TPOUKH HPH MOACTAHOBKE
B Hee IeIbIX dncen’ ).

Ykazauue. Bocrnoib3yurech MpeIbIIyIIen 34, aMen.

3agadga 2.39 (*). Ykaxure Bce TPOUKHM B3aMMHO MPOCTHIX HEIBIX 9UCET a, b, ¢, TaKuX, 9T0 a? +
20% = 2.

3agada 2.40. IIpumenuTe 0OMHO3HAYHOCTD PA3JIOKEHUS HA MHOXUTEIN B Z[v/—2]

3agauga 2.41 (**). VkaxuTe Bce TPOUKM B3AaMMHO MPOCTHIX LEBIX YUCET a, b, ¢, TaKuX, 9T0 a? +
30? = 2.



