
�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×Á�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×Á3.1. âÅÓËÏÎÅÞÎÏÍÅÒÎÙÅ ×ÅËÔÏÒÎÙÅ �ÒÏÓÔÒÁÎÓÔ×Áï�ÒÅÄÅÌÅÎÉÅ 3.1. ðÕÓÔØ H - ×ÅËÔÏÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï ÎÁÄ R, Á � :H −→ R>0 ÏÔÏÂÒÁÖÅÎÉÅ, ËÏÔÏÒÏÅ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÓÌÅÄÕÀÝÉÍ ÕÓÌÏ×ÉÑÍ.Á. �(h) > 0, ÅÓÌÉ h 6= 0.Â. �(�h) = |�|�(h), ÄÌÑ ÌÀÂÏÇÏ � ∈ R.×. (ÎÅÒÁ×ÅÎÓÔ×Ï ÔÒÅÕÇÏÌØÎÉËÁ) �(h1 + h2) 6 �(h1) + �(h2)�ÏÇÄÁ � ÎÁÚÙ×ÁÅÔÓÑ ÎÏÒÍÏÊ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å H. îÏÒÍÕ ÏÂÙËÎÏ×ÅÎÎÏÚÁ�ÉÓÙ×ÁÀÔ ËÁË |v|.úÁÄÁÞÁ 3.1. ðÕÓÔØ g : H ⊗H −→ R - ÂÉÌÉÎÅÊÎÁÑ, �ÏÌÏÖÉÔÅÌØÎÏ Ï�ÒÅ-ÄÅÌÅÎÎÁÑ ÆÏÒÍÁ ÎÁÄ H. äÏËÁÖÉÔÅ, ÞÔÏ h−→ √g(h; h) ÚÁÄÁÅÔ ÎÏÒÍÕ ÎÁH.úÁÄÁÞÁ 3.2. äÏËÁÖÉÔÅ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï Ó ÎÏÒÍÏÊ ÎÁÄÅÌÅÎÏ ÅÓÔÅÓÔ×ÅÎ-ÎÏÊ ÍÅÔÒÉËÏÊ, �Ï ÆÏÒÍÕÌÅ d(a; b) = �(a− b).úÁÍÅÞÁÎÉÅ. ðÏÓËÏÌØËÕ �ÒÏÓÔÒÁÎÓÔ×Ï Ó ÎÏÒÍÏÊ Ñ×ÌÑÅÔÓÑ ÔÁËÖÅ ÍÅÔÒÉ-ÞÅÓËÉÍ, ÎÁ ÎÅÍ Ï�ÒÅÄÅÌÅÎÁ ÅÓÔÅÓÔ×ÅÎÎÁÑ ÔÏ�ÏÌÏÇÉÑ. âÁÚÏÊ ÏËÒÅÓÔÎÏÓÔÅÊ× ÜÔÏÊ ÔÏ�ÏÌÏÇÉÉ Ñ×ÌÑÀÔÓÑ ÏÔËÒÙÔÙÅ ÛÁÒÙ.ï�ÒÅÄÅÌÅÎÉÅ 3.2. åÓÌÉ H �ÏÌÎÏ ËÁË ÍÅÔÒÉÞÅÓËÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï, ÔÏ(H; �) ÎÁÚÙ×ÁÅÔÓÑ ÂÁÎÁÈÏ×ÙÍ �ÒÏÓÔÒÁÎÓÔ×ÏÍ. åÓÌÉ, Ë ÔÏÍÕ ÖÅ, � ÚÁ-ÄÁÎÁ �ÏÓÒÅÄÓÔ×ÏÍ ÂÉÌÉÎÅÊÎÏÊ �ÏÌÏÖÉÔÅÌØÎÏ Ï�ÒÅÄÅÌÅÎÎÏÊ ÆÏÒÍÙ ËÁËÕËÁÚÁÎÏ ×ÙÛÅ, ÂÁÎÁÈÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï H ÎÁÚÙ×ÁÅÔÓÑ ÇÉÌØÂÅÒÔÏ×ÙÍ.÷ ÂÏÌØÛÉÎÓÔ×Å �ÒÉÌÏÖÅÎÉÊ ÇÉÌØÂÅÒÔÏ×Ù �ÒÏÓÔÒÁÎÓÔ×Á Ï�ÒÅÄÅÌÅÎÙ ÎÁÄ
C, Á ÍÅÔÒÉËÁ ÚÁÄÁÅÔÓÑ ÜÒÍÉÔÏ×ÏÊ ÆÏÒÍÏÊ g : H ⊗H −→ R.úÁÄÁÞÁ 3.3. åÄÉÎÉÞÎÏÊ ÓÆÅÒÏÊ × �ÒÏÓÔÒÁÎÓÔ×Å Ó ÎÏÒÍÏÊ ÎÁÚÙ×ÁÅÔÓÑÍÎÏÖÅÓÔ×Ï ×ÓÅÈ ×ÅËÔÏÒÏ×, ÄÌÑ ËÏÔÏÒÙÈ |x| = 1.Á. [*℄ äÏËÁÖÉÔÅ, ÞÔÏ ÅÄÉÎÉÞÎÁÑ ÓÆÅÒÁ × ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÍ ÇÉÌØÂÅÒ-ÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ÓÔÑÇÉ×ÁÅÍÁ (ÄÏ�ÕÓËÁÅÔ ÇÏÍÏÔÏ�ÉÞÅÓËÕÀ ÜË×É-×ÁÌÅÎÔÎÏÓÔØ Ó ÔÏÞËÏÊ).Â. [**℄ ÷ÅÒÎÏ ÌÉ ÜÔÏ × �ÒÏÉÚ×ÏÌØÎÏÍ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×ÅÓ ÎÏÒÍÏÊ?ï�ÒÅÄÅÌÅÎÉÅ 3.3. âÁÚÉÓÏÍ ÂÁÎÁÈÏ×Á �ÒÏÓÔÒÁÎÓÔ×Á H ÎÁÚÙ×ÁÅÔÓÑ ÎÁ-ÂÏÒ S ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈ ×ÅËÔÏÒÏ× ÔÁËÉÈ, ÞÔÏ ÉÈ ÚÁÍÙËÁÎÉÅ ÒÁ×ÎÏH. åÓÌÉ, Ë ÔÏÍÕ ÖÅ, H ÇÉÌØÂÅÒÔÏ×Ï, Á ×ÅËÔÏÒÁ ÂÁÚÉÓÁ �Ï�ÁÒÎÏ ÏÒÔÏÇÏ-ÎÁÌØÎÙ, S ÎÁÚÙ×ÁÅÔÓÑ ÏÒÔÏÇÏÎÁÌØÎÙÍ ÂÁÚÉÓÏÍ. åÓÌÉ Ë ÔÏÍÕ ÖÅ ×ÓÅÜÌÅÍÅÎÔÙ S ÉÍÅÀÔ ÄÌÉÎÕ 1, ÜÔÏÔ ÂÁÚÉÓ ÎÁÚÙ×ÁÅÔÓÑ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎ-ÎÙÍ.printed: January 16, 2007 { 1 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁúÁÄÁÞÁ 3.4. òÁÓÓÍÏÔÒÉÍ �ÒÏÓÔÒÁÎÓÔ×Ï ËÏÍ�ÌÅËÓÎÏÚÎÁÞÎÙÈ ÆÕÎË�ÉÊ ÎÁn-ÍÅÒÎÏÍ ÔÏÒÅ T n = Rn=Zn, Ó ÍÅÔÒÉËÏÊ, ÚÁÄÁÎÎÏÊ |f |2 = ∫
|f |2VolT n, ÇÄÅVolT n - ÓÔÁÎÄÁÒÔÎÁÑ ÆÏÒÍÁ ÏÂßÅÍÁ ÎÁ ÔÏÒÅ, ÉÎÄÕ�ÉÒÏ×ÁÎÎÁÑ Ó Rn. ïÂÏ-ÚÎÁÞÉÍ ÚÁ L2(T n) ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï, �ÏÌÕÞÅÎÎÏÅ �Ï�ÏÌÎÅÎÉÅÍ ÉÚC∞(T n) �Ï ÔÁËÏÊ ÍÅÔÒÉËÅ. äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÅÄÕÀÝÉÅ ÆÕÎË�ÉÉ ÏÂÒÁÚÕÀÔÂÁÚÉÓ × L2(T n): e2�√−1Pni=1 kitiÇÄÅ {ki ∈ Z} �ÒÏÂÅÇÁÀÔ ×ÓÅ n-ËÉ �ÅÌÙÈ ÞÉÓÅÌ.úÁÍÅÞÁÎÉÅ. ÷ ÓÉÌÕ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ, ÌÀÂÁÑ ÇÌÁÄËÁÑ ÆÕÎË�ÉÑ �ÒÅÄ-ÓÔÁ×ÌÑÅÔÓÑ × ×ÉÄÅ f = ∑k1;:::kn∈Zn �k1;:::kne2�√−1Pni=1 kitiÇÄÅ �k1;:::kn - ÎÁÂÏÒ ËÏÍ�ÌÅËÓÎÙÈ ÞÉÓÅÌ. üÔÏ ÒÁÚÌÏÖÅÎÉÅ ÎÁÚÙ×ÁÅÔÓÑ ÒÑ-ÄÏÍ æÕÒØÅ ÄÌÑ ÆÕÎË�ÉÉ f .ï�ÒÅÄÅÌÅÎÉÅ 3.4. ðÕÓÔØ V1, V2 - �ÒÏÓÔÒÁÎÓÔ×Á Ó ÎÏÒÍÏÊ. ìÉÎÅÊÎÙÊÏ�ÅÒÁÔÏÒ E : V1 −→ V2 ÎÁÚÙ×ÁÅÔÓÑ ÏÇÒÁÎÉÞÅÎÎÙÍ, ÅÓÌÉ ÓÕÝÅÓÔ×ÕÅÔËÏÎÓÔÁÎÔÁ C ÔÁËÁÑ, ÞÔÏ

|E(v)|
|v| < CÄÌÑ ÌÀÂÏÇÏ ÎÅÎÕÌÅ×ÏÇÏ v ∈ V1.úÁÄÁÞÁ 3.5. äÏËÁÖÉÔÅ, ÞÔÏ ÏÇÒÁÎÉÞÅÎÎÙÅ Ï�ÅÒÁÔÏÒÙ ÉÚ V1 × V2 ÏÂÒÁ-ÚÕÀÔ ÌÉÎÅÊÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï. äÏËÁÖÉÔÅ, ÞÔÏ Ï�ÅÒÁÔÏÒ ÏÇÒÁÎÉÞÅÎ ÔÏÇÄÁÉ ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÏÎ ÎÅ�ÒÅÒÙ×ÅÎ × ÔÏ�ÏÌÏÇÉÉ, ÚÁÄÁÎÎÏÊ ÎÏÒÍÏÊ.úÁÍÅÞÁÎÉÅ. äÏ×ÏÌØÎÏ ÞÁÓÔÏ ÔÅÒÍÉÎ ÎÅ�ÒÅÒÙ×ÎÙÊ Ï�ÅÒÁÔÏÒ Õ�ÏÔÒÅÂÌÑ-ÀÔ ËÁË ÓÉÎÏÎÉÍ Ë ÏÇÒÁÎÉÞÅÎÎÙÊ Ï�ÅÒÁÔÏÒ.úÁÄÁÞÁ 3.6. òÁÓÓÍÏÔÒÉÍ ÆÕÎË�ÉÀ E −→ R

>0 ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å E(V1; V2)ÏÇÒÁÎÉÞÅÎÎÙÈ Ï�ÅÒÁÔÏÒÏ× ÉÚ V1 × V2E −→ supv∈(V1\0) |E(v)|vÁ. äÏËÁÖÉÔÅ, ÞÔÏ ÜÔÏ ÎÏÒÍÁÂ. [!℄ ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×a V1, V2 ÂÁÎÁÈÏ×Ù. äÏËÁÖÉÔÅ, ÞÔÏ
E(V1; V2) ÔÏÖÅ ÂÁÎÁÈÏ×Ï.×. [*℄ ðÕÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á V1, V2 ÇÉÌØÂÅÒÔÏ×Ù. âÕÄÅÔ ÌÉ E(V1; V2) ÇÉÌØ-ÂÅÒÔÏ×ÙÍ?printed: January 16, 2007 { 2 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁúÁÍÅÞÁÎÉÅ. åÄÉÎÉÞÎÙÊ ÛÁÒ × �ÒÏÓÔÒÁÎÓÔ×Å Ó ÎÏÒÍÏÊ - ÜÔÏ ÍÎÏÖÅ-ÓÔ×Ï ÔÏÞÅË v ∈ V ÔÁËÉÈ, ÞÔÏ |v| 6 1 ("ÚÁÍËÎÕÔÙÊ ÛÁÒ") ÉÌÉ |v| < 1("ÏÔËÒÙÔÙÊ ÛÁÒ"). "ûÁÒ ÒÁÄÉÕÓÁ r" × �ÒÏÓÔÒÁÎÓÔ×Å Ó ÎÏÒÍÏÊ - ÍÎÏ-ÖÅÓÔ×Ï ÔÏÞÅË v ∈ V ÔÁËÉÈ, ÞÔÏ |v| 6 r ÉÌÉ |v| < r. "ïÇÒÁÎÉÞÅÎÎÏÅÍÎÏÖÅÓÔ×Ï" - �ÏÄÍÎÏÖÅÓÔ×Ï V , ÓÏÄÅÒÖÁÝÅÅÓÑ × ËÁËÏÍ-ÔÏ ÛÁÒÅ. ÷ ÜÔÉÈÔÅÒÍÉÎÁÈ, Ï�ÒÅÄÅÌÅÎÉÅ ÏÇÒÁÎÉÞÅÎÎÏÇÏ Ï�ÅÒÁÔÏÒÁ ÍÏÖÎÏ �ÅÒÅÇÏ×ÏÒÉÔØÔÁË: "ÏÇÒÁÎÉÞÅÎÎÙÊ Ï�ÅÒÁÔÏÒ ÜÔÏ Ï�ÅÒÁÔÏÒ, �ÅÒÅ×ÏÄÑÝÉÊ ÏÇÒÁÎÉÞÅÎÙÅÍÎÏÖÅÓÔ×Á × ÏÇÒÁÎÉÞÅÎÎÙÅ".úÁÄÁÞÁ 3.7.Á. ðÕÓÔØ V - ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï Ó ÎÏÒÍÏÊ, ËÏÔÏÒÁÑ Ï�ÒÅ-ÄÅÌÑÅÔÓÑ ËÁË ËÏÒÅÎØ ÉÚ ÓËÁÌÑÒÎÏÇÏ �ÒÏÉÚ×ÅÄÅÎÉÑ. äÏËÁÖÉÔÅ, ÞÔÏÅÄÉÎÉÞÎÙÊ ÛÁÒ × V ÎÅ ÓÏÄÅÒÖÉÔÓÑ × ËÏÍ�ÁËÔÅ.Â. [*℄ �ÅÏÒÅÍÁ òÉÓÓÁ (Riesz). äÏËÁÖÉÔÅ ÔÏ ÖÅ ÂÅÚ �ÒÅÄ�ÏÌÏÖÅÎÉÑ, ÞÔÏÎÏÒÍÁ Ï�ÒÅÄÅÌÅÎÁ ÓËÁÌÑÒÎÙÍ �ÒÏÉÚ×ÅÄÅÎÉÅÍ.úÁÍÅÞÁÎÉÅ. íÎÏÖÅÓÔ×Á, ÓÏÄÅÒÖÁÝÉÅÓÑ × ËÏÍ�ÁËÔÅ, ÎÁÚÙ×ÁÀÔÓÑ �ÒÅ-ËÏÍ�ÁËÔÎÙÍÉ.ï�ÒÅÄÅÌÅÎÉÅ 3.5. ðÕÓÔØ V1, V2 - �ÒÏÓÔÒÁÎÓÔ×Á Ó ÎÏÒÍÏÊ. ï�ÅÒÁÔÏÒE; V1 −→ V2 ÎÁÚÙ×ÁÅÔÓÑ ËÏÍ�ÁËÔÎÙÍ, ÅÓÌÉ ÏÂÒÁÚ ÌÀÂÏÇÏ ÏÇÒÁÎÉÞÅÎ-ÎÏÇÏ ÍÎÏÖÅÓÔ×Á �ÒÅËÏÍ�ÁËÔÅÎ.ï�ÒÅÄÅÌÅÎÉÅ 3.6. çÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï ÎÁÚÙ×ÁÅÔÓÑ ÓÅ�ÁÒÁÂÅÌØ-ÎÙÍ, ÅÓÌÉ Õ ÎÅÇÏ ÅÓÔØ ËÏÎÅÞÎÙÊ ÉÌÉ ÓÞÅÔÎÙÊ ÂÁÚÉÓ.úÁÄÁÞÁ 3.8 (*). ðÕÓÔØ H - ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï. äÏËÁÖÉÔÅ, ÞÔÏH ÓÅ�ÁÒÁÂÅÌØÎÏ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ H ÓÏÄÅÒÖÉÔ �ÌÏÔÎÏÅ ÓÞÅÔ-ÎÏÅ �ÏÄÍÎÏÖÅÓÔ×Ï.úÁÄÁÞÁ 3.9. ðÕÓÔØ H - ÓÅ�ÁÒÁÂÅÌØÎÏÅ ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï,
{zi}; i = 0; 1; 2; :::ÅÇÏ ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ, Á K : H −→H Ï�ÅÒÁÔÏÒ, �ÅÒÅ×ÏÄÑÝÉÊzi × �izi. äÏËÁÖÉÔÅ, ÞÔÏ K ËÏÍ�ÁËÔÎÙÊ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁlim |�i| = 0.úÁÄÁÞÁ 3.10 (*). ðÕÓÔØ A : H −→H - ËÏÍ�ÁËÔÎÙÊ Ï�ÅÒÁÔÏÒ, Á B1 -ÚÁÍËÎÕÔÙÊ ÛÁÒ ÒÁÄÉÕÓÁ 1 × H. äÌÑ ËÁËÉÈ A ÅÇÏ ÏÂÒÁÚ A(B1) ËÏÍ�ÁËÔÅÎ?úÁÄÁÞÁ 3.11 (!). ðÕÓÔØ E; V1 −→ V2 - ÂÉÅËÔÉ×ÎÙÊ ÌÉÎÅÊÎÙÊ Ï�ÅÒÁÔÏÒ.äÏËÁÖÉÔÅ, ÞÔÏ E Ñ×ÌÑÅÔÓÑ ÇÏÍÅÏÍÏÒÆÉÚÍÏÍ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁÓÕÝÅÓÔ×ÕÀÔ ËÏÎÓÔÁÎÔÙ C1; C2, ÔÁËÉÅ, ÞÔÏ ×Ù�ÏÌÎÅÎÏC1|v| < |å(v)| < C2|v|;ÄÌÑ ÌÀÂÏÇÏ v ∈ V1.printed: January 16, 2007 { 3 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁúÁÄÁÞÁ 3.12. ðÕÓÔØ E = E1 +K - ÂÉÅËÔÉ×ÎÙÊ ÌÉÎÅÊÎÙÊ Ï�ÅÒÁÔÏÒ, ÔÁ-ËÏÊ, ÞÔÏ E1 ÜÔÏ ÇÏÍÅÏÍÏÒÆÉÚÍ, Á K ËÏÍ�ÁËÔÎÏ. äÏËÁÖÉÔÅ, ÞÔÏ E - ÔÏÖÅÇÏÍÅÏÍÏÒÆÉÚÍ.ï�ÒÅÄÅÌÅÎÉÅ 3.7. ðÕÓÔØ V - ×ÅËÔÏÒÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï (×ÏÏÂÝÅ ÇÏ×ÏÒÑ,ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÅ), Á | |1, | |2 - Ä×Å ÎÏÒÍÙ ÎÁ H. ïÎÉ ÎÁÚÙ×ÁÀÔÓÑ ÜË×É-×ÁÌÅÎÔÎÙÍÉ, ÅÓÌÉ ÔÏÖÄÅÓÔ×ÅÎÎÙÊ Ï�ÅÒÁÔÏÒ(H; | |1)−→ (V; | |2)Ñ×ÌÑÅÔÓÑ ÇÏÍÅÏÍÏÒÆÉÚÍÏÍ.úÁÄÁÞÁ 3.13 (*). äÏËÁÖÉÔÅ, ÞÔÏ ÎÁ ËÏÎÅÞÎÏÍÅÒÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ×ÓÅÎÏÒÍÙ ÜË×É×ÁÌÅÎÔÎÙ.3.2. óÏÂÏÌÅ×ÓËÉÅ �ÒÏÓÔÒÁÎÓÔ×Áï�ÒÅÄÅÌÅÎÉÅ 3.8. ðÕÓÔØ f : Rn −→ R - ÇÌÁÄËÁÑ ÆÕÎË�ÉÑ Ó ËÏÍ�ÁËÔ-ÎÙÍ ÎÏÓÉÔÅÌÅÍ. äÌÑ ËÁÖÄÏÇÏ ÍÏÎÏÍÁP� = �k1�xk11 �k2�xk22 ::: �kn�xkn1ÒÁÓÓÍÏÔÒÉÍ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÕÀ ÞÁÓÔÎÕÀ �ÒÏÉÚ×ÏÄÎÕÀ fP�(f) = �k1�xk11 �k2�xk22 ::: �kn�xkn1 fs-Ñ ÓÏÂÏÌÅ×ÓËÁÑ ÎÏÒÍÁ |f |s Ï�ÒÅÄÅÌÑÅÔÓÑ ÔÁË:
|f |2s = ∑degP�6s∫ |P�(f)|2VolÇÄÅ ÓÕÍÍÁ �ÒÏÂÅÇÁÅÔ ×ÓÅ ÍÏÎÏÍÙ ÓÔÅ�ÅÎÉ ÏÔ ÎÕÌÑ ÄÏ s, Á Vol = dx1 ∧dx2 ∧ :::dxn - ÓÔÁÎÄÁÒÔÎÁÑ ÆÏÒÍÁ ÏÂßÅÍÁ. ïÞÅ×ÉÄÎÏ, ÞÔÏ ÜÔÏ ÂÉÌÉÎÅÊ-ÎÁÑ, Ë×ÁÄÒÁÔÉÞÎÁÑ ÆÏÒÍÁ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÆÕÎË�ÉÊ; ÅÅ ËÏÒÅÎØ É ÚÁÄÁÅÔÓÏÂÏÌÅ×ÓËÕÀ ÎÏÒÍÕ.ðÕÓÔØ ÔÅ�ÅÒØ ×ÍÅÓÔÏ ÆÕÎË�ÉÉ ÂÅÒÅÔÓÑ ÔÒÉ×ÉÁÌØÎÏÅ ÒÁÓÓÌÏÅÎÉÅ F ÓÍÅÔÒÉËÏÊ. óÏÂÏÌÅ×ÓËÁÑ ÎÏÒÍÁ ÎÁ ÓÅÞÅÎÉÑÈ F ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÔÏÊ ÖÅ ÓÁ-ÍÏÊ ÆÏÒÍÕÌÅ, ÇÄÅ ÞÁÓÔÎÙÅ �ÒÏÉÚ×ÏÄÎÙÅ Ï�ÒÅÄÅÌÑÀÔÓÑ �ÏÓÒÅÄÓÔ×ÏÍ ÔÒÉ-×ÉÁÌÉÚÁ�ÉÉ, Á | |2 ×ÙÞÉÓÌÑÅÔÓÑ Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÍÅÔÒÉËÉ ÎÁ F .úÁÄÁÞÁ 3.14. EÓÔÅÓÔ×ÅÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ Rn −→ T n ÉÚ Rn × ÔÏÒ ÉÎßÅË-ÔÉ×ÎÏ ÎÁ ÛÁÒÅ B ÒÁÄÉÕÓÁ 1=2. üÔÏ �ÏÚ×ÏÌÑÅÔ ÒÁÓÓÍÁÔÒÉ×ÁÔØ ÆÕÎË�ÉÉ ÓÎÏÓÉÔÅÌÅÍ × B ËÁË ÆÕÎË�ÉÉ ÎÁ T n. òÁÓÓÍÏÔÒÉÍ ÒÑÄ æÕÒØÅ ÄÌÑ ÆÕÎË�ÉÉf : f = ∑k1;:::kn∈Zn �k1;:::kne2�√−1Pni=1 kitiprinted: January 16, 2007 { 4 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁäÏËÁÖÉÔÅ, ÞÔÏ
|f |2s = ∑k1;:::kn∈Zn (

|�k1;:::kn|2 n∑i=1 (1 + k2i + k4i + ::: + k2si )úÁÄÁÞÁ 3.15. (ìÅÍÍÁ òÅÌÌÉÈÁ) äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÔÅÓÔ×ÅÎÎÏÅ ÏÔÏÂÒÁÖÅ-ÎÉÅ L2s(Rn)−→ L2s−i(Rn) ËÏÍ�ÁËÔÎÏ ÎÁ ÆÕÎË�ÉÑÈ ÓÏ ÚÎÁÞÅÎÉÑÍÉ × ÛÁÒÅB ⊂ Rn, ÄÌÑ ÌÀÂÏÇÏ i > 0.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊúÁÄÁÞÁ 3.16. òÁÓÓÍÏÔÒÉÍ ÒÑÄ æÕÒØÅ ÏÔ ÏÄÎÏÊ �ÅÒÅÍÅÎÎÏÊ t,
∑k∈Z

�ke2�√−1kt (3.1)ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ∑k∈Z
k2+2l|�k|2 ÓÈÏÄÉÔÓÑ. äÏËÁÖÉÔÅ, ÞÔÏ (3.1) ÓÈÏÄÉÔ-ÓÑ Ë ÆÕÎË�ÉÉ ËÌÁÓÓÁ C l (l-ËÒÁÔÎÏ ÄÉÆÆÅÒÅÎ�ÉÒÕÅÍÏÊ).úÁÄÁÞÁ 3.17. ðÕÓÔØ ËÏÜÆÆÉ�ÉÅÎÔÙ ÒÑÄÁ æÕÒØÅ
∑k1;:::kn∈Zn �k1;:::kne2�√−1Pni=1 kiti (3.2)ÔÁËÏ×Ù, ÞÔÏ ÒÑÄ
∑k1;:::kn∈Zn (

|�k1;:::kn|2 ∑ k n2+1i )ÓÈÏÄÉÔÓÑ. äÏËÁÖÉÔÅ, ÞÔÏ (3.2) ÓÈÏÄÉÔÓÑ Ë ÎÅ�ÒÅÒÙ×ÎÏÊ ÆÕÎË�ÉÉ.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ ÎÅÒÁ×ÅÎÓÔ×ÏÍ
(

∑k1;:::kn∈Zn |k1;:::kn|∑ k n2+1i )2
6

(
∑k1;:::kn∈Zn |k1;:::kn|2))2( ∑k1;:::kn∈Zn 1

∑ kn+2i ))2ËÏÔÏÒÏÅ ÓÌÅÄÕÅÔ ÉÚ ÎÅÒÁ×ÅÎÓÔ×Á |(a; b)|2 < |a|2|b|2, ×Ù�ÏÌÎÅÎÎÏÇÏ × ÌÀÂÏÍÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å.úÁÄÁÞÁ 3.18 (!). ðÕÓÔØ ËÏÜÆÆÉ�ÉÅÎÔÙ ÒÑÄÁ æÕÒØÅf = ∑k1;:::kn∈Zn �k1;:::kne2�√−1Pni=1 kitiÔÁËÏ×Ù, ÞÔÏ ÓÕÍÍÁ
∑k1;:::kn∈Zn |�k1;:::kn|2 n∑i=1 k n2+1+liÓÈÏÄÉÔÓÑ. äÏËÁÖÉÔÅ, ÞÔÏ ÜÔÏÔ ÒÑÄ ÓÈÏÄÉÔÓÑ Ë ÆÕÎË�ÉÉ ÉÚ C l(T n).printed: January 16, 2007 { 5 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁõËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.úÁÄÁÞÁ 3.19 (!). (ìÅÍÍÁ óÏÂÏÌÅ×Á) ðÕÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {fi} ÇÌÁÄ-ËÉÈ ÆÕÎË�ÉÊ Ó ÎÏÓÉÔÅÌÅÍ × ÛÁÒÅ B ⊂ Rn, ËÏÔÏÒÁÑ ÓÈÏÄÉÔÓÑ × ÓÏÂÏÌÅ×-ÓËÏÊ ÎÏÒÍÅ L2s(Rn), �ÒÉÞÅÍ s > l + n2 . äÏËÁÖÉÔÅ, ÞÔÏ {fi} ÓÈÏÄÉÔÓÑ ×L2s(Rn)-ÔÏ�ÏÌÏÇÉÉ Ë ÆÕÎË�ÉÉ ÉÚ C l(Rn).õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.3.3. óÏÂÏÌÅ×ÓËÉÅ ÎÏÒÍÙ ÎÁ ÍÎÏÇÏÏÂÒÁÚÉÉï�ÒÅÄÅÌÅÎÉÅ 3.9. ðÕÓÔØ F - ÒÁÓÓÌÏÅÎÉÅ ÓÏ Ó×ÑÚÎÏÓÔØÀ ÎÁ M , Á g - ÍÅ-ÔÒÉËÁ ÎÁM (ÎÅ ÏÂÑÚÁÔÅÌØÎÏ �ÌÏÓËÁÑ). ï�ÒÅÄÅÌÉÍ ÓÏÂÏÌÅ×ÓËÕÀ ÎÏÒÍÕ,ÁÓÓÏ�ÉÉÒÏ×ÁÎÎÕÀ ÓÏ Ó×ÑÚÎÏÓÔØÀ É ÍÅÔÒÉËÏÊ �Ï ÆÏÒÍÕÌÅ
|f |2s = s∑i=0 ∫

|∇if |VolÇÄÅ
∇i : F −→ F ⊗ �1M ⊗ :::

︸ ︷︷ ︸i ÒÁÚi-Ñ ÓÔÅ�ÅÎØ Ó×ÑÚÎÏÓÔÉ (ÓÍ. ÌÉÓÔÏË "�ÅÏÒÉÑ èÏÄÖÁ 2") Á | · | - ÅÓÔÅÓÔ×ÅÎÎÁÑÍÅÔÒÉËÁ ÎÁ ÒÁÓÓÌÏÅÎÉÉ F ⊗ �1M ⊗ :::
︸ ︷︷ ︸i ÒÁÚ , ÉÎÄÕ�ÉÒÏ×ÁÎÎÁÑ ÍÅÔÒÉËÏÊ ÎÁ MÉ F . óÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÇÉÌØÂÅÒÔÏ×Ï �ÒÏÓÔÒÁÎÓÔ×Ï ÏÂÏÚÎÁÞÁÅÔÓÑ L2s(F ).åÓÌÉ M = Rn, Á Ó×ÑÚÎÏÓÔØ ÎÁ F ÔÒÉ×ÉÁÌØÎÁ, ÜÔÏ Ï�ÒÅÄÅÌÅÎÉÅ ÓÏ×�ÁÄÁÅÔÓ �ÒÉ×ÅÄÅÎÎÙÍ ×ÙÛÅ.úÁÄÁÞÁ 3.20. ðÕÓÔØ F - ÔÒÉ×ÉÁÌØÎÏÅ ÒÁÓÓÌÏÅÎÉÅ ÎÁ Rn, ÓÎÁÂÖÅÎÎÏÅ ÎÅ-ÔÒÉ×ÉÁÌØÎÏÊ Ó×ÑÚÎÏÓÔØÀ, 1| |2s - ÍÅÔÒÉËÁ óÏÂÏÌÅ×Á, Ó×ÑÚÁÎÎÁÑ Ó ÔÒÉ×É-ÁÌØÎÏÊ Ó×ÑÚÎÏÓÔØÀ ÎÁ F , Á 2| |2s - ÍÅÔÒÉËÁ, Ó×ÑÚÁÎÎÁÑ Ó ÎÅÔÒÉ×ÉÁÌØÎÏÊÓ×ÑÚÎÏÓÔØÀ. äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÓÅÞÅÎÉÊ Ó ÎÏÓÉÔÅÌÅÍ × ÛÁÒÅ B ⊂ Rn,2|f |2s = 1|f |2s + C1|f |2s−1ÇÄÅ ËÏÎÓÔÁÎÔÁ C ×ÙÒÁÖÁÅÔÓÑ ÞÅÒÅÚ ÆÏÒÍÕ Ó×ÑÚÎÏÓÔÉ ÎÁ F .úÁÄÁÞÁ 3.21. ðÕÓÔØ F - ÒÁÓÓÌÏÅÎÉÅ ÓÏ Ó×ÑÚÎÏÓÔØÀ ÎÁM , g1; g2 - ÍÅÔÒÉËÉÎÁ TM , 1| |2s, 2| |2s - ÎÏÒÍÙ óÏÂÏÌÅ×Á, Ó×ÑÚÁÎÎÙÅ Ó g1, g2. äÏËÁÖÉÔÅ, ÞÔÏÄÌÑ ÓÅÞÅÎÉÊ Ó ÎÏÓÉÔÅÌÅÍ × ËÏÍ�ÁËÔÅ B ⊂M , ÉÍÅÅÔ ÍÅÓÔÏC21|f |2s 6

2|f |2s 6 C11|f |2sÇÄÅ ËÏÎÓÔÁÎÔÙ C1; C2 ×ÙÂÒÁÎÙ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ × ÌÀÂÏÊ ÔÏÞËÅ BÉÍÅÌÏ ÍÅÓÔÏ ÎÅÒÁ×ÅÎÓÔ×ÏC2|T |g1 6 |T |g2 6 C1|T |g1ÄÌÑ ÌÀÂÏÇÏ ÔÅÎÚÏÒÁ T ÎÁÄ �1(M) ×ÁÌÅÎÔÎÏÓÔÉ ÎÅ ÂÏÌØÛÅ s.printed: January 16, 2007 { 6 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006



�ÅÏÒÉÑ èÏÄÖÁ 3: ðÒÏÓÔÒÁÎÓÔ×Á óÏÂÏÌÅ×ÁúÁÄÁÞÁ 3.22 (!). ÷Ù×ÅÄÉÔÅ ÉÚ ÜÔÏÇÏ, ÞÔÏ ÎÁ Rn ÓÏÂÏÌÅ×ÓËÉÅ ÎÏÒÍÙ ÎÁF , Ï�ÒÅÄÅÌÅÎÎÙÅ �Ï Ó×ÑÚÎÏÓÔÉ ÎÁ F É ÒÉÍÁÎÏ×ÏÊ ÍÅÔÒÉËÅ ÎÁ Rn, ÜË×É×Á-ÌÅÎÔÎÙ.úÁÄÁÞÁ 3.23 (!). (ìÅÍÍÁ òÅÌÌÉÈÁ) ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÍÎÏÇÏÏÂÒÁ-ÚÉÅ. �ÏÇÄÁ ÅÓÔÅÓÔ×ÅÎÎÏÅ ×ÌÏÖÅÎÉÅ L2s(F )−→ L2s−i(F ) ËÏÍ�ÁËÔÎÏ, ÄÌÑ ÌÀ-ÂÏÇÏ i > 0.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ ÒÁÚÂÉÅÎÉÅÍ ÅÄÉÎÉ�Ù É ÌÅÍÍÏÊ òÅÌÌÉÈÁ ÄÌÑ
Rn.úÁÄÁÞÁ 3.24 (*). ÷ÅÒÎÏ ÌÉ ÜÔÏ ÄÌÑ ÎÅËÏÍ�ÁËÔÎÏÇÏ ÍÎÏÇÏÏÂÒÁÚÉÑ?úÁÄÁÞÁ 3.25 (!). ðÕÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ {fi} ÇÌÁÄËÉÈ ÓÅÞÅÎÉÊ F ÎÁËÏÍ�ÁËÔÎÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ M ÓÈÏÄÉÔÓÑ × ÓÏÂÏÌÅ×ÓËÏÊ ÎÏÒÍÅ L2s(F ), �ÒÉ-ÞÅÍ s > l+ n2 . äÏËÁÖÉÔÅ, ÞÔÏ {fi} ÓÈÏÄÉÔÓÑ × L2s(M)-ÔÏ�ÏÌÏÇÉÉ Ë ÆÕÎË�ÉÉÉÚ C l(M).õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ ÒÁÚÂÉÅÎÉÅÍ ÅÄÉÎÉ�Ù É ÌÅÍÍÏÊ óÏÂÏÌÅ×Á ÄÌÑ
Rn.úÁÄÁÞÁ 3.26 (*). ÷ÅÒÎÏ ÌÉ ÜÔÏ ÄÌÑ ÎÅËÏÍ�ÁËÔÎÏÇÏ ÍÎÏÇÏÏÂÒÁÚÉÑ?úÁÄÁÞÁ 3.27 (!). ðÕÓÔØ D : F −→G - ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ�ÏÒÑÄËÁ i ÎÁ ËÏÍ�ÁËÔÎÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ. äÏËÁÖÉÔÅ, ÞÔÏ ÏÎ ÎÅ�ÒÅÒÙ×ÎÏÏÔÏÂÒÁÖÁÅÔ L2s(F ) × L2s−i(G).úÁÄÁÞÁ 3.28 (*). ÷ÅÒÎÏ ÌÉ ÜÔÏ ÄÌÑ ÎÅËÏÍ�ÁËÔÎÏÇÏ ÍÎÏÇÏÏÂÒÁÚÉÑ?úÁÄÁÞÁ 3.29 (!). ðÕÓÔØ  ∈ L2s(F ) ÌÅÖÉÔ × �ÅÒÅÓÅÞÅÎÉÉ ×ÓÅÈ L2s(F ), ÔÏÅÓÔØ ÄÌÑ ËÁÖÄÏÇÏ s ÅÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ  si , ÓÈÏÄÑÝÁÑÓÑ Ë  × L2p(F ),ÄÌÑ ×ÓÅÈ p 6 s. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ  i ÇÌÁÄËÉÈ ÆÕÎË-�ÉÊ, ÓÈÏÄÑÝÁÑÓÑ Ë  × ÌÀÂÏÊ ÉÚ ÜÔÉÈ ÔÏ�ÏÌÏÇÉÊ. äÏËÁÖÉÔÅ, ÞÔÏ ÜÔÁ�ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÒÁ×ÎÏÍÅÒÎÏ ÓÈÏÄÉÔÓÑ Ë ÇÌÁÄËÏÊ, L2-ÉÎÔÅÇÒÉÒÕÅÍÏÊÆÕÎË�ÉÉ.úÁÄÁÞÁ 3.30 (*). ïÂÏÚÎÁÞÉÍ L2s(C∞M) ÚÁ L2s(M). ðÕÓÔØ x ∈ M ÔÏÞËÁ,Á L2s(M)x - �ÒÏÓÔÒÁÎÓÔ×Ï ×ÓÅÈ ÏÂÏÂÝÅÎÎÙÈ ÆÕÎË�ÉÊ  ∈ L2s(M) Ó ÎÏÓÉ-ÔÅÌÅÍ × x, ÔÏ ÅÓÔØ ÏÂÌÁÄÁÀÝÉÈ ÔÅÍ Ó×ÏÊÓÔ×ÏÍ, ÞÔÏ ( ; v) = 0 ÄÌÑ ÌÀÂÏÊÇÌÁÄËÏÊ ÆÕÎË�ÉÉ v, ÚÁÎÕÌÑÀÝÅÊÓÑ × ÏËÒÅÓÔÎÏÓÔÉ x. îÁÊÄÉÔÅ ÒÁÚÍÅÒ-ÎÏÓÔØ L2s(M)x.úÁÄÁÞÁ 3.31. ðÕÓÔØ D1, D2 : F −→ F - ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅ Ï�ÅÒÁÔÏÒÙ�ÏÒÑÄËÁ i; j ÎÁ ÒÁÓÓÌÏÅÎÉÉ F ÎÁ ËÏÍ�ÁËÔÎÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ. äÏËÁÖÉÔÅ,ÞÔÏ ËÏÍÍÕÔÁÔÏÒ [D1; D2℄ : L2s(F )−→ L2s−i−j(F ) ËÏÍ�ÁËÔÅÎ.printed: January 16, 2007 { 7 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 1.3, 12.10.2006


