
�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁ�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁ4.1. óÁÍÏÓÏ�ÒÑÖÅÎÎÙÅ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÅÏ�ÅÒÁÔÏÒÙï�ÒÅÄÅÌÅÎÉÅ 4.1. îÁ�ÏÍÎÉÍ, ÞÔÏ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ
D : F −→ FÎÁÚÙ×ÁÅÔÓÑ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÍ, ÅÓÌÉ ÄÌÑ ÌÀÂÙÈ ÇÌÁÄËÉÈ ÓÅÞÅÎÉÊ x; y ∈F , ÉÍÅÅÍ (D(x); y) = (x;Dy):ï�ÒÅÄÅÌÅÎÉÅ 4.2. ðÕÓÔØ F - ÜÒÍÉÔÏ×Ï ÒÁÓÓÌÏÅÎÉÅ ÓÏ Ó×ÑÚÎÏÓÔØÀ ∇.òÁÓÓÍÏÔÒÉÍ ÇÒÕÂÙÊ ÌÁ�ÌÁÓÉÁÎ D∇ : ∇∗∇ : F −→ F . îÁ�ÏÍÎÉÍ, ÞÔÏÓÏÂÏÌÅ×ÓËÕÀ ÍÅÔÒÉËÕ ÎÁ ÓÅÞÅÎÉÑÈ F ÍÏÖÎÏ Ï�ÒÅÄÅÌÉÔØ ÆÏÒÍÕÌÏÊ(f; g)L2s := (f +D∇f +D2

∇f + :::+Ds
∇f; g)L20; (4.1)ÇÄÅ (·; ·)L20 = (·; ·) { ÏÂÙÞÎÏÅ ÓËÁÌÑÒÎÏÅ �ÒÏÉÚ×ÅÄÅÎÉÅ ÎÁ ÓÅÞÅÎÉÑÈ F . ïÂÏ-ÚÎÁÞÉÍ ÓÕÍÍÕ 1+D∇+D2

∇+ :::+Ds
∇ ÚÁ Ds. õÒÁ×ÎÅÎÉÅ (4.1) �ÅÒÅ�ÉÛÅÔÓÑ× ÔÁËÏÍ ×ÉÄÅ (f; g)L2s = (Dsf; g):úÁÄÁÞÁ 4.1. òÁÓÓÍÏÔÒÉÍ ÏÔÏÂÒÁÖÅÎÉÅ D1 : L2s+2(F )−→ L2s(F ). ÷ÏÓ-�ÏÌØÚÏ×Á×ÛÉÓØ (4.1), ÄÏËÁÖÉÔÅ, ÞÔÏ ÜÔÏ ÉÚÏÍÅÔÒÉÞÅÓËÏÅ ×ÌÏÖÅÎÉÅ.úÁÄÁÞÁ 4.2. ðÕÓÔØ D : F −→ F - ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÊ ÄÉÆÆÅÒÅÎ�ÉÁÌØ-ÎÙÊ Ï�ÅÒÁÔÏÒ �ÏÒÑÄËÁ i, Á x ∈ L2s(F ). äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÅÄÕÀÝÉÅ Ó×ÏÊÓÔ×ÁÒÁ×ÎÏÓÉÌØÎÙ(i) È ÏÒÔÏÇÏÎÁÌÅÎ ÚÁÍÙËÁÎÉÀ ÏÂÒÁÚÁ D : L2s+i(F )−→ L2s(F ).(ii) È ∈ kerDDs : L2s(F )−→ L20(F ).õËÁÚÁÎÉÅ. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ, (x;D(y))L2s = 0 ÄÌÑ ÌÀÂÏÇÏ ÇÌÁÄËÏÇÏ ÓÅÞÅ-ÎÉÑ y ∈ F ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ(Dsx;D(y)) = 0; ∀y ∈ F:éÚ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔÉ D ÓÌÅÄÕÅÔ, ÞÔÏ (DDs(x); y) = 0 ÄÌÑ ÌÀÂÏÇÏ y ∈ F .úÁÄÁÞÁ 4.3 (!). äÏËÁÖÉÔÅ, ÞÔÏ ÏÔÏÂÒÁÖÅÎÉÅ Ds : L2s+2(F )−→ L2s(F ).ÚÁÄÁÅÔ ÂÉÅËÔÉ×ÎÕÀ ÉÚÏÍÅÔÒÉÀ ÇÉÌØÂÅÒÔÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ×õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ ÓÁÍÏÓÏ�ÒÑÖÅÎÎÏÓÔØÀ Ds.printed: January 16, 2007 { 1 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁúÁÄÁÞÁ 4.4 (!). ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, Á � :�∗(M)−→ �∗(M) - Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ ÎÁ ÆÏÒÍÁÈ. äÏËÁÖÉÔÅ, ÞÔÏ� : L2s+2(�∗(M))−→ L2s(�∗(M))ÆÒÅÄÇÏÌØÍÏ×.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ, ÌÅÍÍÏÊ òÅÌÌÉÈÁÉ ÆÏÒÍÕÌÏÊ ÷ÁÊ�ÅÎÂÅËÁ: D1 −� = R;ÇÄÅ R { Ï�ÅÒÁÔÏÒ ÎÕÌÅ×ÏÇÏ �ÏÒÑÄËÁ ÎÁ ÆÏÒÍÁÈ.úÁÄÁÞÁ 4.5. ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, ÁÆ : �∗(M)−→ �∗(M)- Ï�ÅÒÁÔÏÒ �ÅÒ×ÏÇÏ �ÏÒÑÄËÁ ÎÁ ÆÏÒÍÁÈ, ÚÁÄÁÎÎÙÊ ÆÏÒÍÕÌÏÊ Æ = d+ d∗Á. äÏËÁÖÉÔÅ, ÞÔÏ Æ ÓÁÍÏÓÏ�ÒÑÖÅÎ, É ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ Æ2 = �.Â. äÏËÁÖÉÔÅ, ÞÔÏ Æ ÜÌÌÉ�ÔÉÞÅÎ.×. äÏËÁÖÉÔÅ, ÞÔÏ Æ : L2s(�∗(M))−→ L2s−1(�∗(M))ÆÒÅÄÇÏÌØÍÏ×.Ç. äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÇÌÁÄËÉÈ ÆÏÒÍ Æ(x) = 0 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ,ËÏÇÄÁ �(x) = 0.úÁÄÁÞÁ 4.6 (!). ðÕÓÔØ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ D : F −→ F �Ï-ÒÑÄËÁ i ÆÒÅÄÇÏÌØÍÏ×, ÓÁÍÏÓÏ�ÒÑÖÅÎ É ÉÎßÅËÔÉ×ÅÎ. äÏËÁÖÉÔÅ, ÞÔÏ ÏÎÚÁÄÁÅÔ ÂÉÅË�ÉÀ ÇÉÌØÂÅÒÔÏ×ÙÈ �ÒÏÓÔÒÁÎÓÔ× D : L2s+i(F )−→ L2s(F ).úÁÄÁÞÁ 4.7 (!). òÁÓÓÍÏÔÒÉÍ Ï�ÅÒÁÔÏÒ 1 + � �∗(M)−→ �∗(M), �ÅÒÅ×Ï-ÄÑÝÉÊ x ∈ �∗(M) × �(x) + x. äÏËÁÖÉÔÅ, ÞÔÏ1 + � L2s+2(�∗(M))−→ L2s(�∗(M))ÏÂÒÁÔÉÍ.õËÁÚÁÎÉÅ. üÔÏÔ Ï�ÅÒÁÔÏÒ ÆÒÅÄÇÏÌØÍÏ×, ÓÁÍÏÓÏ�ÒÑÖÅÎ É ÉÎßÅËÔÉ×ÅÎ.
printed: January 16, 2007 { 2 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁ4.2. ï�ÅÒÁÔÏÒ çÒÉÎÁï�ÒÅÄÅÌÅÎÉÅ 4.3. òÁÓÓÍÏÔÒÉÍ ÏÂÒÁÔÎÙÊ Ï�ÅÒÁÔÏÒ(1 + �)−1 : L2s(�∗(M))−→ L2s+2(�∗(M))Ï�ÒÅÄÅÌÅÎÎÙÊ × ÓÉÌÕ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ. ï�ÅÒÁÔÏÒ çÒÉÎÁ, ÏÂÒÁÝÁ-ÀÝÉÊ 1 + � ÅÓÔØ ËÏÍ�ÏÚÉ�ÉÑ (1 + �)−1 : L2s(�∗(M))−→ L2s+2(�∗(M))Ó �ÒÏÅË�ÉÅÊ L2s+2(�∗(M))−→ L2s(�∗(M)). éÚ ÌÅÍÍÙ òÅÌÌÉÈÁ ÑÓÎÏ, ÞÔÏÜÔÏÔ Ï�ÅÒÁÔÏÒ ËÏÍ�ÁËÔÅÎ. ïÂÏÚÎÁÞÉÍ ÅÇÏ ÚÁ G1+�.úÁÄÁÞÁ 4.8. äÏËÁÖÉÔÅ, ÞÔÏ Ï�ÅÒÁÔÏÒ çÒÉÎÁ G1+� ÄÉÁÇÏÎÁÌÉÚÕÅÍ, × ÎÅ-ËÏÔÏÒÏÍ ÏÒÔÏÎÏÒÍÁÌØÎÏÍ ÂÁÚÉÓÅ.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ Ó�ÅËÔÒÁÌØÎÏÊ ÔÅÏÒÅÍÏÊ.úÁÄÁÞÁ 4.9 (!). ðÕÓÔØ � ∈ L2s(�∗(M)) { ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ Ï�ÅÒÁÔÏÒÁçÒÉÎÁ, G1+�(�) = ��. äÏËÁÖÉÔÅ, ÞÔÏ � ÌÅÖÉÔ ×L2s+2(�∗(M)) ⊂ L2s(�∗(M));É Ñ×ÌÑÅÔÓÑ ÓÏÂÓÔ×ÅÎÎÙÍ ÄÌÑ ÄÅÊÓÔ×ÉÑ G1+� ÎÁ L2s+2(�∗(M)).õËÁÚÁÎÉÅ. ðÕÓÔØ {�i} - �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÇÌÁÄËÉÈ ÆÏÒÍ, ÓÈÏÄÑÝÉÈÓÑË � × L2s. ðÏ Ï�ÒÅÄÅÌÅÎÉÀ Ï�ÅÒÁÔÏÒÁ çÒÉÎÁ, {G1+�(�i)} ÓÈÏÄÉÔÓÑ Ë �� ×L2s+2.úÁÄÁÞÁ 4.10. ÷ ÕÓÌÏ×ÉÑÈ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ, ÄÏËÁÖÉÔÅ, ÞÔÏ � ÌÅÖÉÔ ×
⋂s L2s(�∗(M)).úÁÍÅÞÁÎÉÅ. ÷ ÓÉÌÕ ÌÅÍÍÙ óÏÂÏÌÅ×Á, ÜÔÏ ÚÎÁÞÉÔ, ÞÔÏ � �ÒÅÄÓÔÁ×ÉÍÏÇÌÁÄËÏÊ ÆÏÒÍÏÊ.úÁÄÁÞÁ 4.11. ðÕÓÔØ {~�i} - ÏÒÔÏÎÏÒÍÁÌØÎÙÊ ÂÁÚÉÓ × L20(�∗(M)), ÄÉÁÇÏ-ÎÁÌÉÚÕÀÝÉÊ G1+�, Á �i ∈ �∗(M) - ÇÌÁÄËÉÅ ÆÕÎË�ÉÉ, �ÒÅÄÓÔÁ×ÌÑÀÝÉÅ~�i. Á. äÏËÁÖÉÔÅ, ÞÔÏ {�i} Ñ×ÌÑÅÔÓÑ ÏÒÔÏÎÏÒÍÁÌØÎÙÍ ÂÁÚÉÓÏÍ × �ÒÏÓÔÒÁÎ-ÓÔ×Å ÇÌÁÄËÉÈ ÆÏÒÍ.Â. äÏËÁÖÉÔÅ, ÞÔÏ � ÄÅÊÓÔ×ÕÅÔ ÄÉÁÇÏÎÁÌØÎÏ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å �∗(M)ÇÌÁÄËÉÈ ÆÏÒÍ, ÉÍÅÅÔ ËÏÎÅÞÎÏÍÅÒÎÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ �ÒÏÓÔÒÁÎÓÔ×Á,×ÅÝÅÓÔ×ÅÎÎÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ, É ÅÇÏ ÍÎÏÖÅÓÔ×Ï ÓÏÂÓÔ×ÅÎÎÙÈÚÎÁÞÅÎÉÊ ÄÉÓËÒÅÔÎÏ.úÁÍÅÞÁÎÉÅ. úÁÍÙËÁÎÉÅ ÍÎÏÖÅÓÔ×Á ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ Ï�ÅÒÁÔÏÒÁD, ÄÉÁÇÏÎÁÌØÎÏ ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ ËÁËÏÍ-ÔÏ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÍ ×ÅËÔÏÒ-ÎÏÍ �ÒÏÓÔÒÁÎÓÔ×Å, ÎÁÚÙ×ÁÅÔÓÑ ÅÇÏ Ó�ÅËÔÒÏÍ. ó�ÅËÔÒ Ï�ÅÒÁÔÏÒÁ ìÁ�ÌÁ-ÓÁ, ÄÅÊÓÔ×ÕÀÝÅÇÏ ÎÁ ÇÌÁÄËÉÈ ÆÕÎË�ÉÑÈ, ÄÉÓËÒÅÔÅÎ, ËÁË ÄÏËÁÚÁÎÏ ×ÙÛÅ.printed: January 16, 2007 { 3 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁúÁÄÁÞÁ 4.12 (*). ðÕÓÔØ D : F −→ F ÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÊ ÄÉÆÆÅÒÅÎ�É-ÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ �ÏÒÑÄËÁ i > 0, �ÒÉÞÅÍ D : L2s+i(F )−→ L2s(F ) ÆÒÅÄ-ÇÏÌØÍÏ× ÄÌÑ ËÁÖÄÏÇÏ i. äÏËÁÖÉÔÅ, ÞÔÏ D ÄÉÁÇÏÎÁÌÉÚÕÅÍ × ÎÅËÏÔÏÒÏÍÏÒÔÏÎÏÒÍÁÌØÎÏÍ ÂÁÚÉÓÅ �ÒÏÓÔÒÁÎÓÔ×Á ÇÌÁÄËÉÈ ÓÅÞÅÎÉÊ F , É ÉÍÅÅÔ ÄÉÓ-ËÒÅÔÎÙÊ Ó�ÅËÔÒ.úÁÄÁÞÁ 4.13 (*). ðÕÓÔØ D : F −→ F - ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÊ Ï�ÅÒÁÔÏÒ�ÏÒÑÄËÁ i > 0. ðÒÅÄ�ÏÌÏÖÉÍ, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ s > i ÓÕÝÅÓÔ×ÕÀÔ ËÏÎ-ÓÔÁÎÔÙ C1, C2 > 0 ÔÁËÉÅ, ÞÔÏ ∀x ∈ L2s(F ), ÉÍÅÅÍ
|x|2s 6 C1|D(x)|2s−i + C2|x|0: (4.2)äÏËÁÖÉÔÅ, ÞÔÏ D ÆÒÅÄÇÏÌØÍÏ×.1úÁÄÁÞÁ 4.14 (**). äÏËÁÖÉÔÅ, ÞÔÏ ÌÀÂÏÊ ÜÌÌÉ�ÔÉÞÅÓËÉÊ Ï�ÅÒÁÔÏÒ ÎÁËÏÍ�ÁËÔÎÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÎÅÒÁ×ÅÎÓÔ×Õ çÏÒÄÉÎÇÁ.ï�ÒÅÄÅÌÅÎÉÅ 4.4. ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, �ÌÁ�ÌÁÓÉÁÎ, Á {�i} - ÏÒÔÏÎÏÒÍÁÌØÎÙÊ ÂÁÚÉÓ × �∗(M), ÄÉÁÇÏÎÁÌÉÚÕÀÝÉÊ�. ï�ÅÒÁÔÏÒ çÒÉÎÁ ÄÌÑ � ÅÓÔØ ÜÎÄÏÍÏÒÆÉÚÍ G� : �∗(M)−→ �∗(M),ÄÅÊÓÔ×ÕÀÝÉÊ ÄÉÁÇÏÎÁÌØÎÏ × ÜÔÏÍ ÖÅ ÂÁÚÉÓÅ, ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. åÓÌÉ�i ∈ ker�, ÔÏ G�(�i) = 0. åÓÌÉ ÖÅ �(�i) = �i�i, Ó ÎÅÎÕÌÅ×ÙÍ ÓÏÂÓÔ×ÅÎÎÙÍÚÎÁÞÅÎÉÅÍ �i, ÔÏ G�(�i) = �−1i �i.ï�ÒÅÄÅÌÅÎÉÅ 4.5. æÏÒÍÁ ÎÁÚÙ×ÁÅÔÓÑ ÇÁÒÍÏÎÉÞÅÓËÏÊ, ÅÓÌÉ ÏÎÁ ÌÅ-ÖÉÔ × ÑÄÒÅ �.úÁÄÁÞÁ 4.15. äÏËÁÖÉÔÅ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ ÎÁ MËÏÎÅÞÎÏÍÅÒÎÏ. äÏËÁÖÉÔÅ, ÞÔÏ �ÒÏÓÔÒÁÎÓÔ×Ï ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÕÎË�ÉÊ (0-ÆÏÒÍ) ÏÄÎÏÍÅÒÎÏ.úÁÄÁÞÁ 4.16. äÏËÁÖÉÔÅ, ÞÔÏ �G� = G�� = Id−�, ÇÄÅ � - ÏÒÔÏÇÏÎÁÌØ-ÎÁÑ �ÒÏÅË�ÉÑ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Ï ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ.4.3. çÁÒÍÏÎÉÞÅÓËÉÅ ÆÏÒÍÙ É ËÏÇÏÍÏÌÏÇÉÉðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, d ÄÉÆÆÅÒÅÎ�ÉÁÌ ÄÅ òÁ-ÍÁ, d∗ = −∗d∗ - ÓÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ, � = dd∗+d∗d Ï�ÅÒÁÔÏÒ ìÁ�ÌÁÓÁ,ÄÅÊÓÔ×ÕÀÝÉÊ ÎÁ ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÙÈ ÆÏÒÍÁÈ.úÁÄÁÞÁ 4.17. äÏËÁÖÉÔÅ, ÞÔÏ ÏÂÒÁÚ d ÏÒÔÏÇÏÎÁÌÅÎ ÏÂÒÁÚÕ d∗.õËÁÚÁÎÉÅ. (d�; d∗�) = (d2�; �):1üÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÎÁÚÙ×ÁÅÔÓÑ ÎÅÒÁ×ÅÎÓÔ×ÏÍ çÏÒÄÉÎÇÁ (G◦arding).printed: January 16, 2007 { 4 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁúÁÄÁÞÁ 4.18. ðÕÓÔØ � - ÄÉÆÆÅÒÅÎ�ÉÁÌØÎÁÑ ÆÏÒÍÁ. äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÅ-ÄÕÀÝÉÅ ÕÓÌÏ×ÉÑ ÒÁ×ÎÏÓÉÌØÎÙ(i) �(�) = 0(ii) d� = d∗� = 0õËÁÚÁÎÉÅ.(��; �) = (dd∗�; �) + (d∗d�; �) = (d�; d�) + (d∗�; d∗�)úÁÄÁÞÁ 4.19. äÏËÁÖÉÔÅ �Ï�ÁÒÎÕÀ ÏÒÔÏÇÏÎÁÌØÎÏÓÔØ ÓÌÅÄÕÀÝÉÈ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ× �∗(M): imd; imd∗; ker�:úÁÄÁÞÁ 4.20 (!). ïÂÏÚÎÁÞÉÍ ÚÁ �∗�i(M) ÓÏÂÓÔ×ÅÎÎÏÅ �ÒÏÓÔÒÁÎÓ×Ï ìÁ-�ÌÁÓÁ, ËÏÔÏÒÏÅ ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ ÓÏÂÓÔ×ÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ �i. òÁÓÓÍÏÔÒÉÍÒÁÚÌÏÖÅÎÉÅ �∗(M) = ⊕�∗�i(M). �ÏÓÔÒÏÅÎÎÏÅ ×ÙÛÅ. äÏËÁÖÉÔÅ, ÞÔÏ Ï�Å-ÒÁÔÏÒÙ d, d∗ ÓÏÈÒÁÎÑÀÔ ÜÔÏ ÒÁÚÌÏÖÅÎÉÅ.õËÁÚÁÎÉÅ. ï�ÅÒÁÔÏÒÙ d, d∗ ËÏÍÍÕÔÉÒÕÀÔ Ó �.úÁÄÁÞÁ 4.21. ðÕÓÔØ �i - ÎÅÎÕÌÅ×ÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ìÁ�ÌÁÓÁ, Á�∗�i(M) { ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÅÅ ÓÏÂÓÔ×ÅÎÎÏÅ �ÒÏÓÔÒÁÎÓÔ×Ï. äÏËÁÖÉÔÅ, ÞÔÏ�∗�i(M) = d (�∗�i(M)) ⊕ d∗ (�∗�i(M))õËÁÚÁÎÉÅ. � = �−1i dd∗� + �−1i d∗d�úÁÍÅÞÁÎÉÅ. íÙ �ÏÌÕÞÉÌÉ ÒÁÚÌÏÖÅÎÉÅ ÔÁËÏÇÏ ×ÉÄÁ�∗(M) = �∗0(í)⊕ ⊕�i 6=0 d (�∗�i(M)) ⊕ ⊕�i 6=0 d∗ (�∗�i(M))úÁÄÁÞÁ 4.22 (!). äÏËÁÖÉÔÅ, ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÏÒÔÏÇÏÎÁÌØÎÏÅÒÁÚÌÏÖÅÎÉÅ ÎÁ �ÒÏÓÔÒÁÎÓÔ×Å ÇÌÁÄËÉÈ ÆÏÒÍ�∗(M) = �∗0(í)⊕ imd⊕ imd∗:ÇÄÅ �∗0(í) - �ÒÏÓÔÒÁÎÓÔ×Ï ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ.õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.úÁÄÁÞÁ 4.23. ðÕÓÔØ �i - ÎÅÎÕÌÅ×ÏÅ ÓÏÂÓÔ×ÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ìÁ�ÌÁÓÁ. òÁÓ-ÓÍÏÔÒÉÍ ËÏÍ�ÌÅËÓ �0�i(M) d
−→ �1�i(M) d

−→ :::äÏËÁÖÉÔÅ, ÞÔÏ ÏÎ ÔÏÞÅÎ.printed: January 16, 2007 { 5 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁõËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ ÆÏÒÍÕÌÏÊ Gd+ dG = 1, ÇÄÅ G ÄÅÊÓÔ×ÕÅÔ ÎÁ�∗�i(M) ËÁË �−1d∗.úÁÄÁÞÁ 4.24 (!). äÏËÁÖÉÔÅ, ÞÔÏ ËÏÇÏÍÏÌÏÇÉÉ d ÉÚÏÍÏÒÆÎÙ �ÒÏÓÔÒÁÎ-ÓÔ×Õ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ �∗0(í).õËÁÚÁÎÉÅ. ÷ÏÓ�ÏÌØÚÕÊÔÅÓØ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.4.4. äÚÅÔÁ-ÆÕÎË�ÉÑ ÍÎÏÇÏÏÂÒÁÚÉÑúÁÄÁÞÁ 4.25 (*). ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, ÒÁÚ-ÍÅÒÎÏÓÔÉ d. ïÂÏÚÎÁÞÉÍ ÚÁ C0(M) �ÒÏÓÔÒÁÎÓÔ×Ï ÎÅ�ÒÅÒÙ×ÎÙÈ ÆÕÎË�ÉÊ,Ó ÔÏ�ÏÌÏÇÉÅÊ, ÚÁÄÁÎÎÏÊ ÎÏÒÍÏÊ |f |C0 = supM |f |.Á. ÷ÏÓ�ÏÌØÚÏ×Á×ÛÉÓØ ÌÅÍÍÏÊ óÏÂÏÌÅ×Á, ÄÏËÁÖÉÔÅ, ÞÔÏ L2d-ÉÎÔÅÇÒÉÒÕ-ÅÍÙÅ ÆÕÎË�ÉÉ ÎÅ�ÒÅÒÙ×ÎÙ.Â. ÷Ù×ÅÄÉÔÅ ÉÚ ÜÔÏÇÏ, ÞÔÏ ÅÓÔÅÓÔ×ÅÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅL2d(M)−→ C0(M)ÎÅ�ÒÅÒÙ×ÎÏ.×. ðÕÓÔØ m ∈ M . Æ-ÆÕÎË�ÉÑ äÉÒÁËÁ ÅÓÔØ ÏÔÏÂÒÁÖÅÎÉÅ ÉÚ ÎÅ�ÒÅÒÙ×-ÎÙÈ ÆÕÎË�ÉÊ × ÞÉÓÌÁ, �ÅÒÅ×ÏÄÑÝÅÅ f × f(m). äÏËÁÖÉÔÅ, ÞÔÏ Æ-ÆÕÎË�ÉÑ ÎÅ�ÒÅÒÙ×ÎÁ × L2d-ÔÏ�ÏÌÏÇÉÉ.úÁÄÁÞÁ 4.26 (*). ïÂÏÚÎÁÞÉÍ ÚÁ t := [d+12 ] �ÅÌÕÀ ÞÁÓÔØ d+12 .Á. ðÕÓÔØ G� - Ï�ÅÒÁÔÏÒ çÒÉÎÁ, m ∈ M - ÌÀÂÁÑ ÔÏÞËÁ. äÏËÁÖÉÔÅ, ÞÔÏÆÕÎË�ÉÑ L2(M)−→ C, �ÅÒÅ×ÏÄÑÝÁÑ f × (G�)tf(m) ÎÅ�ÒÅÒÙ×ÎÁ ×L2-ÔÏ�ÏÌÏÇÉÉ.Â. ðÕÓÔØ �i - ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ, ÄÉÁÇÉÎÁÌÉÚÕÀÝÉÊ ÌÁ�ÌÁÓÉÁÎ�, Á �i - ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ. äÏËÁÖÉÔÅ, ÞÔÏÒÑÄ
∑i �−t�i(m)�iÓÈÏÄÉÔÓÑ, ÄÌÑ ÌÀÂÏÇÏ m ∈ M×. ÷Ù×ÅÄÉÔÅ ÉÚ ÜÔÏÇÏ, ÞÔÏ ÒÑÄ ∑�t ÓÈÏÄÉÔÓÑ.ï�ÒÅÄÅÌÅÎÉÅ 4.6. ðÕÓÔØ K : H −→H - ËÏÍ�ÁËÔÎÙÊ, ÓÁÍÏÓÏ�ÒÑÖÅÎ-ÎÙÊ Ï�ÅÒÁÔÏÒ ÎÁ ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å, �i ÂÁÚÉÓ, × ËÏÔÏÒÏÍ K ÄÉÁ-ÇÏÎÁÌÉÚÕÅÔÓÑ, �i - ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ. ëÏÍ�ÁËÔÎÙÊÓÁÍÏÓÏ�ÒÑÖÅÎÎÙÊ Ï�ÅÒÁÔÏÒ ÎÁ ÇÉÌØÂÅÒÔÏ×ÏÍ �ÒÏÓÔÒÁÎÓÔ×Å ÎÁÚÙ×ÁÅÔÓÑÑÄÅÒÎÙÍ, ÅÓÌÉ ÒÑÄ ∑�i, ÓÏÓÔÁ×ÌÅÎÎÙÊ ÉÚ ÅÇÏ ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÊ,ÁÂÓÏÌÀÔÎÏ ÓÈÏÄÉÔÓÑ.printed: January 16, 2007 { 6 { íÉÛÁ ÷ÅÒÂÉ�ËÉÊ, v. 2.0, 14.01.2007



�ÅÏÒÉÑ èÏÄÖÁ 5: ï�ÅÒÁÔÏÒ çÒÉÎÁúÁÄÁÞÁ 4.27 (*). ÷ �ÒÅÄ�ÏÌÏÖÅÎÉÑÈ �ÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ, ÄÏËÁÖÉÔÅ, ÞÔÏÏ�ÅÒÁÔÏÒ (G�)t ÑÄÅÒÎÙÊ.ï�ÒÅÄÅÌÅÎÉÅ 4.7. ðÕÓÔØ M - ËÏÍ�ÁËÔÎÏÅ ÒÉÍÁÎÏ×Ï ÍÎÏÇÏÏÂÒÁÚÉÅ, �i -ÏÒÔÏÎÏÒÍÉÒÏ×ÁÎÎÙÊ ÂÁÚÉÓ × C∞(M), ÄÉÁÇÏÎÁÌÉÚÕÀÝÉÊ ÌÁ�ÌÁÓÉÁÎ �, Á�i - ×ÓÅ ÎÅÎÕÌÅ×ÙÅ ÓÏÂÓÔ×ÅÎÎÙÅ ÚÎÁÞÅÎÉÑ � (Ó ËÒÁÔÎÏÓÔÑÍÉ). ï�ÒÅÄÅÌÉÍ�-ÆÕÎË�ÉÀ ÍÎÏÇÏÏÂÒÁÚÉÑ M ÆÏÒÍÕÌÏÊ�M(s) = ∑i �− s2i :úÁÄÁÞÁ 4.28 (*). äÏËÁÖÉÔÅ, ÞÔÏ �-ÆÕÎË�ÉÑ ÓÈÏÄÉÔÓÑ ÄÌÑ Re(s) > túÁÄÁÞÁ 4.29 (*). äÏËÁÖÉÔÅ, ÞÔÏ �-ÆÕÎË�ÉÑ ÏËÒÕÖÎÏÓÔÉ ÒÁ×ÎÁ �-ÆÕÎË-�ÉÉ òÉÍÁÎÁ: �S1(s) = ∑i 1is :
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