ôÅÏÒÉÑ èÏÄÖÁ 5: ïÐÅÒÁÔÏÒ çÒÉÎÁ

4.1. óÁÍÏÓÏÐÒÑÖÅÎÎÙÅ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÙÅ ÏÐÅÒÁÔÏÒÙ

ïÐÒÅÄÅÌÅÎÉÅ 4.1. îÁÐÏÍÎÉÍ, ÞÔÏ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÙÊ ÏÐÅÒÁÔÏÒ D : F −→ F ÎÁÚÙŒÁÅÔÓÑ ÓÁÍÏÓÏÐÒÑÖÅÎÎÙÍ, ÅÓÌÉ ÄÌÑ ÌÀÂÙÈ ÇÌÁÄËÉÈ ÓÅÞÅÎÉÊ x; y ∈ F , ÉÍÅÅÍ (D(x); y) = (x; Dy):

ïÐÒÅÄÅÌÅÎÉÅ 4.2. ðÕÓÔØ F - ÜÒÍÉÔÏŒÏ ÒÁÓÓÌÏÅÎÉÅ ÓÏ ÓŒÑÚÎÏÓÔØÀ ∇. òÁÓÓÍÏÔÒÉÍ ÇÒÕÂÙÊ ÌÁÐÌÁÓÉÁÎ D_∇ : ∇^∗∇ : F −→ F . îÁÐÏÍÎÉÍ, ÞÔÏ ÓÏÂÏÌÅŒÓËÕÀ ÍÅÔÒÉËÕ ÎÁ ÓÅÞÅÎÉÑÈ F ÍÏÖÎÏ ÏÐÒÅÄÅÌÉÔØ ÆÏÒÍÕÌÏÊ (f; g)_L2_s := (f + D_∇f + D^2_∇f + ::: + D^s_∇f; g)_L2_0 ; (4.1) ÇÄÅ (·; ·)_L2_0 = (·; ·) { ÏÂÙÞÎÏÅ ÓËÁÌÑÒÎÏÅ ÐÒÏÉÚŒÅÄÅÎÉÅ ÎÁ ÓÅÞÅÎÉÑÈ F . ïÂÏ- ÚÎÁÞÉÍ ÓÕÍÍÕ 1 + D_∇ + D^2_∇ + ::: + D^s_∇ ÚÁ D_s. õÒÁŒÎÅÎÉÅ (4.1) ÐÅÒÅÐÉÛÅÔÓÑ Œ ÔÁËÏÍ ŒÉÄÅ (f; g)_L2_s = (D_sf; g):

úÁÄÁÞÁ 4.1. òÁÓÓÍÏÔÒÉÍ ÏÔÏÂÒÁÖÅÎÉÅ D_1 : L^2_{s+2}(F ) −→ L^2_s(F ). œÏÓ- ÐÏÌØÚÏŒÁŒÛÉÓØ (4.1), ÄÏËÁÖÉÔÅ, ÞÔÏ ÜÔÏ ÉÚÏÍÅÔÒÉÞÅÓËÏÅ ŒÌÏÖÅÎÉÅ. úÁÄÁÞÁ 4.2. ðÕÓÔØ D : F −→ F - ÓÁÍÏÓÏÐÒÑÖÅÎÎÙÊ ÄÉÆÆÅÒÅÎÃÉÁÌØ- ÎÙÊ ÏÐÅÒÁÔÏÒ ÐÏÒÑÄËÁ i, Á x ∈ L^2_s(F ). äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÅÄÕÀÝÉÅ ÓŒÏÊÓÔŒÁ ÒÁŒÎÏÓÉÌØÎÙ (i) È ÏÒÔÏÇÏÎÁÌÅÎ ÚÁÍÙËÁÎÉÀ ÏÂÒÁÚÁ D : L^2_{s+i}(F ) −→ L^2_s(F ). (ii) È ∈ ker DD_s : L^2_s(F ) −→ L^2_0(F ).

õËÁÚÁÎÉÅ. ðÏ ÏÐÒÅÄÅÌÅÎÉÀ, (x; D(y))_L2_s = 0 ÄÌÑ ÌÀÂÏÇÏ ÇÌÁÄËÏÇÏ ÓÅÞÅ- ÎÉÑ y ∈ F ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ (D_sx; D(y)) = 0; ∀y ∈ F:

éÚ ÓÁÍÏÓÏÐÒÑÖÅÎÎÏÓÔÉ D ÓÌÅÄÕÅÔ, ÞÔÏ (DD_s(x); y) = 0 ÄÌÑ ÌÀÂÏÇÏ y ∈ F . úÁÄÁÞÁ 4.3 (!). äÏËÁÖÉÔÅ, ÞÔÏ ÏÔÏÂÒÁÖÅÎÉÅ D_s : L^2_{s+2}(F ) −→ L^2_s(F ). ÚÁÄÁÅÔ ÂÉÅËÔÉŒÎÕÀ ÉÚÏÍÅÔÒÉÀ ÇÉÌØÂÅÒÔÏŒÙÈ ÐÒÏÓÔÒÁÎÓÔŒ õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÓÁÍÏÓÏÐÒÑÖÅÎÎÏÓÔØÀ D_s.

printed: January 16, 2007 { 1 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

úÁÄÁÞÁ 4.4 (!). ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ, Á ´ : ~^∗(M) −→ ~^∗(M) - ÏÐÅÒÁÔÏÒ ìÁÐÌÁÓÁ ÎÁ ÆÏÒÍÁÈ. äÏËÁÖÉÔÅ, ÞÔÏ ´ : L^2_{s+2}(~^∗(M)) −→ L^2_s(~^∗(M)) ÆÒÅÄÇÏÌØÍÏŒ.

õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ, ÌÅÍÍÏÊ òÅÌÌÉÈÁ É ÆÏÒÍÕÌÏÊ œÁÊÃÅÎÂÅËÁ: D_1 − ´ = R;

ÇÄÅ R { ÏÐÅÒÁÔÏÒ ÎÕÌÅŒÏÇÏ ÐÏÒÑÄËÁ ÎÁ ÆÏÒÍÁÈ.

úÁÄÁÞÁ 4.5. ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ, Á ‹ : ~^∗(M) −→ ~^∗(M) - ÏÐÅÒÁÔÏÒ ÐÅÒŒÏÇÏ ÐÏÒÑÄËÁ ÎÁ ÆÏÒÍÁÈ, ÚÁÄÁÎÎÙÊ ÆÏÒÍÕÌÏÊ ‹ = d + d^∗ Á. äÏËÁÖÉÔÅ, ÞÔÏ ‹ ÓÁÍÏÓÏÐÒÑÖÅÎ, É ÕÄÏŒÌÅÔŒÏÒÑÅÔ ‹^2 = ´. Â. äÏËÁÖÉÔÅ, ÞÔÏ ‹ ÜÌÌÉÐÔÉÞÅÎ. Œ. äÏËÁÖÉÔÅ, ÞÔÏ ‹ : L^2_s(~^∗(M)) −→ L^2_{s−1}(~^∗(M)) ÆÒÅÄÇÏÌØÍÏŒ.

Ç. äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÇÌÁÄËÉÈ ÆÏÒÍ ‹(x) = 0 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ´(x) = 0.

úÁÄÁÞÁ 4.6 (!). ðÕÓÔØ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÙÊ ÏÐÅÒÁÔÏÒ D : F −→ F ÐÏ- ÒÑÄËÁ i ÆÒÅÄÇÏÌØÍÏŒ, ÓÁÍÏÓÏÐÒÑÖÅÎ É ÉÎSSÅËÔÉŒÅÎ. äÏËÁÖÉÔÅ, ÞÔÏ ÏÎ ÚÁÄÁÅÔ ÂÉÅËÃÉÀ ÇÉÌØÂÅÒÔÏŒÙÈ ÐÒÏÓÔÒÁÎÓÔŒ D : L^2_{s+i}(F ) −→ L^2_s(F ). úÁÄÁÞÁ 4.7 (!). òÁÓÓÍÏÔÒÉÍ ÏÐÅÒÁÔÏÒ 1 + ´ ~^∗(M) −→ ~^∗(M), ÐÅÒÅŒÏ- ÄÑÝÉÊ x ∈ ~^∗(M) Œ ´(x) + x. äÏËÁÖÉÔÅ, ÞÔÏ 1 + ´ L^2_{s+2}(~^∗(M)) −→ L^2_s(~^∗(M)) ÏÂÒÁÔÉÍ.

õËÁÚÁÎÉÅ. üÔÏÔ ÏÐÅÒÁÔÏÒ ÆÒÅÄÇÏÌØÍÏŒ, ÓÁÍÏÓÏÐÒÑÖÅÎ É ÉÎSSÅËÔÉŒÅÎ.

printed: January 16, 2007 { 2 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

4.2. ïÐÅÒÁÔÏÒ çÒÉÎÁ

ïÐÒÅÄÅÌÅÎÉÅ 4.3. òÁÓÓÍÏÔÒÉÍ ÏÂÒÁÔÎÙÊ ÏÐÅÒÁÔÏÒ

(1 + ´)^{−1} : L^2_s(~^∗(M)) −→ L^2_{s+2}(~^∗(M))

ÏÐÒÅÄÅÌÅÎÎÙÊ Œ ÓÉÌÕ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ. ïÐÅÒÁÔÏÒ çÒÉÎÁ, ÏÂÒÁÝÁ- ÀÝÉÊ 1 + ´ ÅÓÔØ ËÏÍÐÏÚÉÃÉÑ (1 + ´)^{−1} : L^2_s(~^∗(M)) −→ L^2_{s+2}(~^∗(M)) Ó ÐÒÏÅËÃÉÅÊ L^2_{s+2}(~^∗(M)) −→ L^2_s(~^∗(M)). éÚ ÌÅÍÍÙ òÅÌÌÉÈÁ ÑÓÎÏ, ÞÔÏ ÜÔÏÔ ÏÐÅÒÁÔÏÒ ËÏÍÐÁËÔÅÎ. ïÂÏÚÎÁÞÉÍ ÅÇÏ ÚÁ G_{1+�}.

úÁÄÁÞÁ 4.8. äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÅÒÁÔÏÒ çÒÉÎÁ G_{1+�} ÄÉÁÇÏÎÁÌÉÚÕÅÍ, Œ ÎÅ- ËÏÔÏÒÏÍ ÏÒÔÏÎÏÒÍÁÌØÎÏÍ ÂÁÚÉÓÅ.

õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÓÐÅËÔÒÁÌØÎÏÊ ÔÅÏÒÅÍÏÊ.

úÁÄÁÞÁ 4.9 (!). ðÕÓÔØ ” ∈ L^2_s(~^∗(M)) { ÓÏÂÓÔŒÅÎÎÙÊ ŒÅËÔÏÒ ÏÐÅÒÁÔÏÒÁ çÒÉÎÁ, G_{1+�}(”) = ¸”. äÏËÁÖÉÔÅ, ÞÔÏ ” ÌÅÖÉÔ Œ

L^2_{s+2}(~^∗(M)) ⊂ L^2_s(~^∗(M));

É ÑŒÌÑÅÔÓÑ ÓÏÂÓÔŒÅÎÎÙÍ ÄÌÑ ÄÅÊÓÔŒÉÑ G_{1+�} ÎÁ L^2_{s+2}(~^∗(M)).

õËÁÚÁÎÉÅ. ðÕÓÔØ {”_i} - ÐÏÓÌÅÄÏŒÁÔÅÌØÎÏÓÔØ ÇÌÁÄËÉÈ ÆÏÒÍ, ÓÈÏÄÑÝÉÈÓÑ Ë ” Œ L^2_s. ðÏ ÏÐÒÅÄÅÌÅÎÉÀ ÏÐÅÒÁÔÏÒÁ çÒÉÎÁ, {G_{1+�}(”_i)} ÓÈÏÄÉÔÓÑ Ë ¸” Œ L^2_{s+2}.

úÁÄÁÞÁ 4.10. œ ÕÓÌÏŒÉÑÈ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ, ÄÏËÁÖÉÔÅ, ÞÔÏ ” ÌÅÖÉÔ Œ ⋂ s L^2_s(~^∗(M)).

úÁÍÅÞÁÎÉÅ. œ ÓÉÌÕ ÌÅÍÍÙ óÏÂÏÌÅŒÁ, ÜÔÏ ÚÎÁÞÉÔ, ÞÔÏ ” ÐÒÅÄÓÔÁŒÉÍÏ ÇÌÁÄËÏÊ ÆÏÒÍÏÊ.

úÁÄÁÞÁ 4.11. ðÕÓÔØ {~”_i} - ÏÒÔÏÎÏÒÍÁÌØÎÙÊ ÂÁÚÉÓ Œ L^2_0(~^∗(M)), ÄÉÁÇÏ- ÎÁÌÉÚÕÀÝÉÊ G_{1+�}, Á ”_i ∈ ~^∗(M) - ÇÌÁÄËÉÅ ÆÕÎËÃÉÉ, ÐÒÅÄÓÔÁŒÌÑÀÝÉÅ ~”_i.

Á. äÏËÁÖÉÔÅ, ÞÔÏ {”_i} ÑŒÌÑÅÔÓÑ ÏÒÔÏÎÏÒÍÁÌØÎÙÍ ÂÁÚÉÓÏÍ Œ ÐÒÏÓÔÒÁÎ- ÓÔŒÅ ÇÌÁÄËÉÈ ÆÏÒÍ.

Â. äÏËÁÖÉÔÅ, ÞÔÏ ´ ÄÅÊÓÔŒÕÅÔ ÄÉÁÇÏÎÁÌØÎÏ ÎÁ ÐÒÏÓÔÒÁÎÓÔŒÅ ~^∗(M) ÇÌÁÄËÉÈ ÆÏÒÍ, ÉÍÅÅÔ ËÏÎÅÞÎÏÍÅÒÎÙÅ ÓÏÂÓÔŒÅÎÎÙÅ ÐÒÏÓÔÒÁÎÓÔŒÁ, ŒÅÝÅÓÔŒÅÎÎÙÅ ÓÏÂÓÔŒÅÎÎÙÅ ÚÎÁÞÅÎÉÑ, É ÅÇÏ ÍÎÏÖÅÓÔŒÏ ÓÏÂÓÔŒÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÄÉÓËÒÅÔÎÏ.

úÁÍÅÞÁÎÉÅ. úÁÍÙËÁÎÉÅ ÍÎÏÖÅÓÔŒÁ ÓÏÂÓÔŒÅÎÎÙÈ ÚÎÁÞÅÎÉÊ ÏÐÅÒÁÔÏÒÁ D, ÄÉÁÇÏÎÁÌØÎÏ ÄÅÊÓÔŒÕÀÝÅÇÏ ÎÁ ËÁËÏÍ-ÔÏ ÂÅÓËÏÎÅÞÎÏÍÅÒÎÏÍ ŒÅËÔÏÒ- ÎÏÍ ÐÒÏÓÔÒÁÎÓÔŒÅ, ÎÁÚÙŒÁÅÔÓÑ ÅÇÏ ÓÐÅËÔÒÏÍ. óÐÅËÔÒ ÏÐÅÒÁÔÏÒÁ ìÁÐÌÁ- ÓÁ, ÄÅÊÓÔŒÕÀÝÅÇÏ ÎÁ ÇÌÁÄËÉÈ ÆÕÎËÃÉÑÈ, ÄÉÓËÒÅÔÅÎ, ËÁË ÄÏËÁÚÁÎÏ ŒÙÛÅ.

printed: January 16, 2007 { 3 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

úÁÄÁÞÁ 4.12 (*). ðÕÓÔØ D : F −→ F ÓÁÍÏÓÏÐÒÑÖÅÎÎÙÊ ÄÉÆÆÅÒÅÎÃÉ- ÁÌØÎÙÊ ÏÐÅÒÁÔÏÒ ÐÏÒÑÄËÁ i > 0, ÐÒÉÞÅÍ D : L^2_{s+i}(F ) −→ L^2_s(F ) ÆÒÅÄ- ÇÏÌØÍÏŒ ÄÌÑ ËÁÖÄÏÇÏ i. äÏËÁÖÉÔÅ, ÞÔÏ D ÄÉÁÇÏÎÁÌÉÚÕÅÍ Œ ÎÅËÏÔÏÒÏÍ ÏÒÔÏÎÏÒÍÁÌØÎÏÍ ÂÁÚÉÓÅ ÐÒÏÓÔÒÁÎÓÔŒÁ ÇÌÁÄËÉÈ ÓÅÞÅÎÉÊ F , É ÉÍÅÅÔ ÄÉÓ- ËÒÅÔÎÙÊ ÓÐÅËÔÒ.

úÁÄÁÞÁ 4.13 (*). ðÕÓÔØ D : F −→ F - ÄÉÆÆÅÒÅÎÃÉÁÌØÎÙÊ ÏÐÅÒÁÔÏÒ ÐÏÒÑÄËÁ i > 0. ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÄÌÑ ËÁÖÄÏÇÏ s ⩾ i ÓÕÝÅÓÔŒÕÀÔ ËÏÎ- ÓÔÁÎÔÙ C_1, C_2 > 0 ÔÁËÉÅ, ÞÔÏ ∀x ∈ L^2_s(F ), ÉÍÅÅÍ

|x|^2_s ⩽ C_1|D(x)|^2_{s−i} + C_2|x|_0: (4.2)

äÏËÁÖÉÔÅ, ÞÔÏ D ÆÒÅÄÇÏÌØÍÏŒ.^1

úÁÄÁÞÁ 4.14 (**). äÏËÁÖÉÔÅ, ÞÔÏ ÌÀÂÏÊ ÜÌÌÉÐÔÉÞÅÓËÉÊ ÏÐÅÒÁÔÏÒ ÎÁ ËÏÍÐÁËÔÎÏÍ ÍÎÏÇÏÏÂÒÁÚÉÉ ÕÄÏŒÌÅÔŒÏÒÑÅÔ ÎÅÒÁŒÅÎÓÔŒÕ çÏÒÄÉÎÇÁ.

ïÐÒÅÄÅÌÅÎÉÅ 4.4. ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ,´ ÌÁÐÌÁÓÉÁÎ, Á {”_i} - ÏÒÔÏÎÏÒÍÁÌØÎÙÊ ÂÁÚÉÓ Œ ~^∗(M), ÄÉÁÇÏÎÁÌÉÚÕÀÝÉÊ ´. ïÐÅÒÁÔÏÒ çÒÉÎÁ ÄÌÑ ´ ÅÓÔØ ÜÎÄÏÍÏÒÆÉÚÍ G_� : ~^∗(M) −→ ~^∗(M), ÄÅÊÓÔŒÕÀÝÉÊ ÄÉÁÇÏÎÁÌØÎÏ Œ ÜÔÏÍ ÖÅ ÂÁÚÉÓÅ, ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. åÓÌÉ ”_i ∈ ker ´, ÔÏ G_�(”_i) = 0. åÓÌÉ ÖÅ ´(”_i) = ¸_i”_i, Ó ÎÅÎÕÌÅŒÙÍ ÓÏÂÓÔŒÅÎÎÙÍ ÚÎÁÞÅÎÉÅÍ ¸_i, ÔÏ G_�(”_i) = ¸^{−1}_i ”_i.

ïÐÒÅÄÅÌÅÎÉÅ 4.5. æÏÒÍÁ ÎÁÚÙŒÁÅÔÓÑ ÇÁÒÍÏÎÉÞÅÓËÏÊ, ÅÓÌÉ ÏÎÁ ÌÅ- ÖÉÔ Œ ÑÄÒÅ ´.

úÁÄÁÞÁ 4.15. äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÏÓÔÒÁÎÓÔŒÏ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ ÎÁ M ËÏÎÅÞÎÏÍÅÒÎÏ. äÏËÁÖÉÔÅ, ÞÔÏ ÐÒÏÓÔÒÁÎÓÔŒÏ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÕÎËÃÉÊ (0- ÆÏÒÍ) ÏÄÎÏÍÅÒÎÏ.

úÁÄÁÞÁ 4.16. äÏËÁÖÉÔÅ, ÞÔÏ ´G_� = G_�´ = Id −˝, ÇÄÅ ˝ - ÏÒÔÏÇÏÎÁÌØ- ÎÁÑ ÐÒÏÅËÃÉÑ ÎÁ ÐÒÏÓÔÒÁÎÓÔŒÏ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ.

4.3. çÁÒÍÏÎÉÞÅÓËÉÅ ÆÏÒÍÙ É ËÏÇÏÍÏÌÏÇÉÉ

ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ, d ÄÉÆÆÅÒÅÎÃÉÁÌ ÄÅ òÁ- ÍÁ, d^∗ = −∗d∗ - ÓÏÐÒÑÖÅÎÎÙÊ ÏÐÅÒÁÔÏÒ, ´ = dd^∗ +d^∗d ÏÐÅÒÁÔÏÒ ìÁÐÌÁÓÁ, ÄÅÊÓÔŒÕÀÝÉÊ ÎÁ ÄÉÆÆÅÒÅÎÃÉÁÌØÎÙÈ ÆÏÒÍÁÈ.

úÁÄÁÞÁ 4.17. äÏËÁÖÉÔÅ, ÞÔÏ ÏÂÒÁÚ d ÏÒÔÏÇÏÎÁÌÅÎ ÏÂÒÁÚÕ d^∗.

õËÁÚÁÎÉÅ.

(d”; d^∗) = (d^2”; ):

1üÔÏ ÎÅÒÁŒÅÎÓÔŒÏ ÎÁÚÙŒÁÅÔÓÑ ÎÅÒÁŒÅÎÓÔŒÏÍ çÏÒÄÉÎÇÁ (G^∘arding).

printed: January 16, 2007 { 4 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

úÁÄÁÞÁ 4.18. ðÕÓÔØ ” - ÄÉÆÆÅÒÅÎÃÉÁÌØÎÁÑ ÆÏÒÍÁ. äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÅ- ÄÕÀÝÉÅ ÕÓÌÏŒÉÑ ÒÁŒÎÏÓÉÌØÎÙ (i) ´(”) = 0 (ii) d” = d^∗” = 0 õËÁÚÁÎÉÅ.

(´”; ”) = (dd^∗”; ”) + (d^∗d”; ”) = (d”; d”) + (d^∗”; d^∗”) úÁÄÁÞÁ 4.19. äÏËÁÖÉÔÅ ÐÏÐÁÒÎÕÀ ÏÒÔÏÇÏÎÁÌØÎÏÓÔØ ÓÌÅÄÕÀÝÉÈ ÐÏÄÐÒÏ- ÓÔÒÁÎÓÔŒ ~^∗(M): im d; im d^∗; ker ´:

úÁÄÁÞÁ 4.20 (!). ïÂÏÚÎÁÞÉÍ ÚÁ ~^∗_{ffi} (M) ÓÏÂÓÔŒÅÎÎÏÅ ÐÒÏÓÔÒÁÎÓŒÏ ìÁ- ÐÌÁÓÁ, ËÏÔÏÒÏÅ ÓÏÏÔŒÅÔÓÔŒÕÅÔ ÓÏÂÓÔŒÅÎÎÏÍÕ ÚÎÁÞÅÎÉÀ ¸_i. òÁÓÓÍÏÔÒÉÍ ÒÁÚÌÏÖÅÎÉÅ ~^∗(M) = ⊕~^∗_{ffi} (M). ÐÏÓÔÒÏÅÎÎÏÅ ŒÙÛÅ. äÏËÁÖÉÔÅ, ÞÔÏ ÏÐÅ- ÒÁÔÏÒÙ d, d^∗ ÓÏÈÒÁÎÑÀÔ ÜÔÏ ÒÁÚÌÏÖÅÎÉÅ. õËÁÚÁÎÉÅ. ïÐÅÒÁÔÏÒÙ d, d^∗ ËÏÍÍÕÔÉÒÕÀÔ Ó ´.

úÁÄÁÞÁ 4.21. ðÕÓÔØ ¸_i - ÎÅÎÕÌÅŒÏÅ ÓÏÂÓÔŒÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ìÁÐÌÁÓÁ, Á ~^∗_{ffi} (M) { ÓÏÏÔŒÅÔÓÔŒÕÀÝÅÅ ÓÏÂÓÔŒÅÎÎÏÅ ÐÒÏÓÔÒÁÎÓÔŒÏ. äÏËÁÖÉÔÅ, ÞÔÏ ~^∗_{ffi} (M) = d ( ~^∗_{ffi} (M) ) ⊕ d^∗ ( ~^∗_{ffi} (M) ) õËÁÚÁÎÉÅ.

” = ¸^{−1}_i dd^∗” + ¸^{−1}_i d^∗d” úÁÍÅÞÁÎÉÅ. íÙ ÐÏÌÕÞÉÌÉ ÒÁÚÌÏÖÅÎÉÅ ÔÁËÏÇÏ ŒÉÄÁ

~^∗(M) = ~^∗_0(í) ⊕ ⨁ ff_i≠0 d ( ~^∗_{ffi} (M) ) ⊕ ⨁ ff_i≠0

d^∗ ( ~^∗_{ffi} (M) )

úÁÄÁÞÁ 4.22 (!). äÏËÁÖÉÔÅ, ÞÔÏ ÉÍÅÅÔ ÍÅÓÔÏ ÓÌÅÄÕÀÝÅÅ ÏÒÔÏÇÏÎÁÌØÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÎÁ ÐÒÏÓÔÒÁÎÓÔŒÅ ÇÌÁÄËÉÈ ÆÏÒÍ ~^∗(M) = ~^∗_0(í) ⊕ im d ⊕ im d^∗:

ÇÄÅ ~^∗_0(í) - ÐÒÏÓÔÒÁÎÓÔŒÏ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ. õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.

úÁÄÁÞÁ 4.23. ðÕÓÔØ ¸_i - ÎÅÎÕÌÅŒÏÅ ÓÏÂÓÔŒÅÎÎÏÅ ÚÎÁÞÅÎÉÅ ìÁÐÌÁÓÁ. òÁÓ- ÓÍÏÔÒÉÍ ËÏÍÐÌÅËÓ ~^0_{ffi} (M)^d−→ ~^1_{ffi} (M)^d−→ :::

äÏËÁÖÉÔÅ, ÞÔÏ ÏÎ ÔÏÞÅÎ.

printed: January 16, 2007 { 5 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÆÏÒÍÕÌÏÊ Gd + dG = 1, ÇÄÅ G ÄÅÊÓÔŒÕÅÔ ÎÁ ~^∗_{ffi} (M) ËÁË ¸^{−1}d^∗.

úÁÄÁÞÁ 4.24 (!). äÏËÁÖÉÔÅ, ÞÔÏ ËÏÇÏÍÏÌÏÇÉÉ d ÉÚÏÍÏÒÆÎÙ ÐÒÏÓÔÒÁÎ- ÓÔŒÕ ÇÁÒÍÏÎÉÞÅÓËÉÈ ÆÏÒÍ ~^∗_0(í).

õËÁÚÁÎÉÅ. œÏÓÐÏÌØÚÕÊÔÅÓØ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÅÊ.

4.4. äÚÅÔÁ-ÆÕÎËÃÉÑ ÍÎÏÇÏÏÂÒÁÚÉÑ

úÁÄÁÞÁ 4.25 (*). ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ, ÒÁÚ- ÍÅÒÎÏÓÔÉ d. ïÂÏÚÎÁÞÉÍ ÚÁ C^0(M) ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÅÐÒÅÒÙŒÎÙÈ ÆÕÎËÃÉÊ, Ó ÔÏÐÏÌÏÇÉÅÊ, ÚÁÄÁÎÎÏÊ ÎÏÒÍÏÊ |f|_C0 = sup_M |f|.

Á. œÏÓÐÏÌØÚÏŒÁŒÛÉÓØ ÌÅÍÍÏÊ óÏÂÏÌÅŒÁ, ÄÏËÁÖÉÔÅ, ÞÔÏ L^2_d-ÉÎÔÅÇÒÉÒÕ- ÅÍÙÅ ÆÕÎËÃÉÉ ÎÅÐÒÅÒÙŒÎÙ.

Â. œÙŒÅÄÉÔÅ ÉÚ ÜÔÏÇÏ, ÞÔÏ ÅÓÔÅÓÔŒÅÎÎÏÅ ÏÔÏÂÒÁÖÅÎÉÅ

L^2_d(M) −→ C^0(M)

ÎÅÐÒÅÒÙŒÎÏ.

Œ. ðÕÓÔØ m ∈ M. ‹-ÆÕÎËÃÉÑ äÉÒÁËÁ ÅÓÔØ ÏÔÏÂÒÁÖÅÎÉÅ ÉÚ ÎÅÐÒÅÒÙŒ- ÎÙÈ ÆÕÎËÃÉÊ Œ ÞÉÓÌÁ, ÐÅÒÅŒÏÄÑÝÅÅ f Œ f(m). äÏËÁÖÉÔÅ, ÞÔÏ ‹- ÆÕÎËÃÉÑ ÎÅÐÒÅÒÙŒÎÁ Œ L^2_d-ÔÏÐÏÌÏÇÉÉ.

úÁÄÁÞÁ 4.26 (*). ïÂÏÚÎÁÞÉÍ ÚÁ t :=

[_{d+1} 2 ] ÃÅÌÕÀ ÞÁÓÔØ^{d+1}_2 .

Á. ðÕÓÔØ G_� - ÏÐÅÒÁÔÏÒ çÒÉÎÁ, m ∈ M - ÌÀÂÁÑ ÔÏÞËÁ. äÏËÁÖÉÔÅ, ÞÔÏ ÆÕÎËÃÉÑ L^2(M) −→ C, ÐÅÒÅŒÏÄÑÝÁÑ f Œ (G_�)^tf(m) ÎÅÐÒÅÒÙŒÎÁ Œ L^2-ÔÏÐÏÌÏÇÉÉ.

Â. ðÕÓÔØ ”_i - ÏÒÔÏÎÏÒÍÉÒÏŒÁÎÎÙÊ ÂÁÚÉÓ, ÄÉÁÇÉÎÁÌÉÚÕÀÝÉÊ ÌÁÐÌÁÓÉÁÎ ´, Á ¸_i - ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÅ ÓÏÂÓÔŒÅÎÎÙÅ ÚÎÁÞÅÎÉÑ. äÏËÁÖÉÔÅ, ÞÔÏ ÒÑÄ ∑ i ¸^{−t}”_i(m)”_i

ÓÈÏÄÉÔÓÑ, ÄÌÑ ÌÀÂÏÇÏ m ∈ M

Œ. œÙŒÅÄÉÔÅ ÉÚ ÜÔÏÇÏ, ÞÔÏ ÒÑÄ ∑ ¸^t ÓÈÏÄÉÔÓÑ.

ïÐÒÅÄÅÌÅÎÉÅ 4.6. ðÕÓÔØ K : H −→ H - ËÏÍÐÁËÔÎÙÊ, ÓÁÍÏÓÏÐÒÑÖÅÎ- ÎÙÊ ÏÐÅÒÁÔÏÒ ÎÁ ÇÉÌØÂÅÒÔÏŒÏÍ ÐÒÏÓÔÒÁÎÓÔŒÅ, ”_i ÂÁÚÉÓ, Œ ËÏÔÏÒÏÍ K ÄÉÁ- ÇÏÎÁÌÉÚÕÅÔÓÑ, ¸_i - ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÅ ÓÏÂÓÔŒÅÎÎÙÅ ÚÎÁÞÅÎÉÑ. ëÏÍÐÁËÔÎÙÊ ÓÁÍÏÓÏÐÒÑÖÅÎÎÙÊ ÏÐÅÒÁÔÏÒ ÎÁ ÇÉÌØÂÅÒÔÏŒÏÍ ÐÒÏÓÔÒÁÎÓÔŒÅ ÎÁÚÙŒÁÅÔÓÑ ÑÄÅÒÎÙÍ, ÅÓÌÉ ÒÑÄ ∑ ¸_i, ÓÏÓÔÁŒÌÅÎÎÙÊ ÉÚ ÅÇÏ ÓÏÂÓÔŒÅÎÎÙÈ ÚÎÁÞÅÎÉÊ, ÁÂÓÏÌÀÔÎÏ ÓÈÏÄÉÔÓÑ.

printed: January 16, 2007 { 6 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007

úÁÄÁÞÁ 4.27 (*). œ ÐÒÅÄÐÏÌÏÖÅÎÉÑÈ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ, ÄÏËÁÖÉÔÅ, ÞÔÏ ÏÐÅÒÁÔÏÒ (G_�)^t ÑÄÅÒÎÙÊ.

ïÐÒÅÄÅÌÅÎÉÅ 4.7. ðÕÓÔØ M - ËÏÍÐÁËÔÎÏÅ ÒÉÍÁÎÏŒÏ ÍÎÏÇÏÏÂÒÁÚÉÅ, ”_i - ÏÒÔÏÎÏÒÍÉÒÏŒÁÎÎÙÊ ÂÁÚÉÓ Œ C^∞(M), ÄÉÁÇÏÎÁÌÉÚÕÀÝÉÊ ÌÁÐÌÁÓÉÁÎ ´, Á ¸_i - ŒÓÅ ÎÅÎÕÌÅŒÙÅ ÓÏÂÓÔŒÅÎÎÙÅ ÚÎÁÞÅÎÉÑ ´ (Ó ËÒÁÔÎÏÓÔÑÍÉ). ïÐÒÅÄÅÌÉÍ “-ÆÕÎËÃÉÀ ÍÎÏÇÏÏÂÒÁÚÉÑ M ÆÏÒÍÕÌÏÊ

“_M (s) = ∑ i ¸^{− s2}_i :

úÁÄÁÞÁ 4.28 (*). äÏËÁÖÉÔÅ, ÞÔÏ “-ÆÕÎËÃÉÑ ÓÈÏÄÉÔÓÑ ÄÌÑ Re(s) > t

úÁÄÁÞÁ 4.29 (*). äÏËÁÖÉÔÅ, ÞÔÏ “-ÆÕÎËÃÉÑ ÏËÒÕÖÎÏÓÔÉ ÒÁŒÎÁ “-ÆÕÎË- ÃÉÉ òÉÍÁÎÁ: “_S1 (s) = ∑ i 1 i^s :

printed: January 16, 2007 { 7 { íÉÛÁ œÅÒÂÉÃËÉÊ, v. 2.0, 14.01.2007