TOIIOJIOTUSA 6: IloTrodedHas u paBHOMEPHAA CXOAUMOCTH Muma Bep6unkuit

M1 3adeTa HO KaxXIOMY JUCTKY TOCTATOYHO CAAThH BCE 3aJa¥d CO 3Be3J0YKAMM, JHO0 BCe 3a-
Tad; 6e3 3Be3J0YeK. 3alady ¢ ABYMA 3Be3JOYKAMH MOXKHO He caasaTh. CraBmmM k 3aJad ¢ IBYMA
3BE3JOYKAMHU paspemraeTca He caaBaTh 2k 3aJad CO 3BE3NOYKAMHU W3 TOTO ¥Ke JUCTOYKA. 3aTadn,
obosnadennsie (1), cregyer ciaBaTh BCeM.

TOIIOJIOT'UUSA 6: IToToveuyHas u paBHOMEPHAasA CXOIUMOCTD

Ha mpoTsxeHnn 5Toro InCTKa, pa3pelaeTcs MT0Ib30BAThCA CIeIYIomen (pOpMOKN TeopeMbl TUXOHOBA.
[IycTs X — KOMIAKTHOE TOTOJIOTHIeCKOe TPOCTPAHCTBO, | — IPOM3BOIBHOE MHOXKECTBO, a X! — mpo-
cTpaHcTBO oTobpazkenui u3 I B X, ¢ Tomoornei morodednon cxoanmoctu. Torga X! xommakTHO.

3ama4da 6.1. PaccmoTpuM mpocTpaHCTBO (DYHKIUU U3 OTPE3Ka B OTPE30K, C TOMOJOTHEN IMOTOYe -
HOU cXOAUMOCTH. [lokaykuTe, 9YTO Mpegen HeMPEePBIBHLIX (DYHKIMU MOXKET OBITh Pa3pPBIBEH.

Omnpeapenenue 6.1. [Iycrs X, Y — meTpuueckue npocTpancTsa, a { f,} — HAGOP HENPEPHIBHBIX OTO-
opaxennu u3 X B Y. Muoxectso {f,} Ha3pBaeTCsi paBHOMEPHO HENPEPBLIBHBIM, €CIN I Ka-
XKIOIO € HAUAETCA Takoe ), ITO oOpas M000ro d-imapa moj AeUCTBHEM JI000r0 f, COTEpXKUTCA B
HEKOTOPOM &-m1ape (BO3MOXKHO, 3aBUCALIAM OT f).

3agada 6.2. Ilycrs mano oro6paxkenue f: X — Y MeTpuaeckux mpOCTPAHCTB, KOTOPOE MEPEBO-
mutT nocaenosarenbuoctu Kommu B mocaeqoBareasuoctu Kommm. [lokaxwure, 9T0 f HENPEPBHIBHO Kak
oToOpaKeHne TOMOIOTUIECKUX MPOCTPAHCTB. Beskoe gm HenmpepbIBHOE 0TOOpaXKeHrWe MePeBOIUT TO-
cregosaTeabHocT Komm B mocaegosaTeabaocTr Komm?

3agaga 6.3 (!). [Iycrs X, Y — MeTpudeckue mpocTpaHcTBa, a {f;} — paBHOMEpHO HempepbIBHASL
MOCJIEI0BATEIBHOCTE HeNpPephIBHEIX oToOpaxenun u3 X B Y. [Ipeamonoxum, aro {f;} cxogurcsa x f
B TOIMOJOTUN MOTOYEIHOU cXoauMocTu. [Jokaxure, 9T0 [ HenmpephIBHA.

Yxkazanue. [lokaxure, 9T0 [ paBHOMEPHO HENPEPHIBHA, C TEMU K€ CAMBIMHU YUCIAMA £, O, ITO U
{fi}, m BOCHONIB3YNTECH IPEIBLIYLIEN 3a,1ae.
3apukcupyeM KOMIAKTHBIE MeTpudeckue npocrpacTsa X, Y, u mycts Map(X,Y) — MHOXKECTBO

HeMmpepBIBHBIX oToOpaxkenun u3 X B Y.

3aga4a 6.4. s ao6ex f,g € Map(X,Y) onpenernm dg,, (f, g) kax sup,cx d(f(x), g(x)). Joxaxu-
Te, 9T0 dgyp(f, g) KOppexTHO ompeteneno u 3axaer Merpuxy Ha Map(X,Y).

Omnpepenenue 6.2. Dra MeTpuka HazbiBaeTcsa sup-merpukon Ha Map(X,Y).

3agaga 6.5 (!). [Ipexmomoxum, 9T0 pABHOMEPHO HEMPEPBIBHASA MOCIEIOBATEILHOCTD OTOOPAKEHUN
{fi} € Map(X,Y) moroueuno cxogurcs K f. [JokaxuTe, 9T0 OHA CXOAUTCA K [ B TOMOJIOTUM, 34, TaH-
HOU SUP-METPUKOM.

Ykazanme. [Iycrs sup,cy d(f(z), fi(z)) > C' mua moboro i. Halgure cXogAmyocs mocieqoBaTerb-
HOCTB Takux {z;}, aro d(f(z;), fi(x;)) > C, m nycts x — ee npegen. B cuny paBHOMEPHOW HENPEPHIB-
wocru, d(fi(z;), fi(z)) crpemurcsa k Hyao. Bocnonb3oBaBmmeh HePABEHCTBOM TPEYTOIbHUKA

d(fi(x), f(z)) +d(fi(zi), fi(x)) = d(f (), fi(x:)),

MOJYYINTEe MPOTUBOPEINE.

Tomnomorus, HMY, nepsrir Kypc - ]_ - Becna 2008, mucTok 6, VERSION 1.0, 03.03.2008



TOIIOJIOTUSA 6: IloTrodedHas u paBHOMEPHAA CXOAUMOCTH Mouma Bep6unxuit

3agaga 6.6 (!). (Teopema Apuera-Ackoan) [lycTs 1aHO 3aMKHYTOE (B CMBICIE SUP-METPUKHA) U PAB-
HOMEPHO HempepbiBHOe moaMHOKecTBO ¥ C Map(X,Y). Tokaxure, 1ro ¥ KOMIAKTHO.

Ykazanue. Bocnonssyurecs Teopemon TUXOHOBA U MpeABIAYINEN 3a1ader. Kak n TOBOPUIOCH paHee,
npeanoaraeTca, 9To X m Y KOMHOakTHHI!

3agaga 6.7 (**). [Ipugymanre He3aBuCMMOe OT TeopeMbl THMXOHOBa (& CIENOBATENBHO, aKCHOMBI
BBIOOPA) [0KA3ATEIBCTBO TeOpeMbl Apuena-AcKourm.

3agaga 6.8 (*). Ilycrs 3agano komnakTHOe mMoAMHOKeCTBO K C X M OTKPBITOE IOAMHOXKECTBO
V C Y. O6o3naunm qepes U(K,V) C Map(X,Y') MHOXKecTBO Bcex oToGpakeHun mepesoasaumx K B
V. Pacemorpum Tonoaoruio Ha Map(X,Y), sagaunyio npexbazoun us seex U(K, V). [Mokaxure, 9T0
Ta XKe caMasg TOMOJOTHUA 3aJAeTCA SUP-METPUKOM.

Onpeapenenune 6.3. Dta Tonomorus ua Map(X,Y') HasbIBaeTCA KOMOAKTHO-OTKPBLITOU TOIIOJIO-
rueu, NI TOIOJOTMel PABHOMEPHOM CXOIMMOCTH.

3agada 6.9. Jokaxure, 9TO TOMOJOTUA MOTOICIHON CXOAUMOCTHU Ca1abee TOMOJOIMHA PABHOMEPHOU
CXOAUMOCTHY; APYTUMU CIOBAMHE, YTO TOXIecTBeHHOe oTo6paxkenue u3 Map(X,Y') ¢ ronosorunen pas-
HOMepHOU cxogumoct B Map(X,Y) ¢ Tomonorueint moTouedHON CXOAUMOCTH HEIPEPHIBHO.

Onpenpenenne 6.4. [lycts 7/ — momMmHOXKecTBO MeTpudeckoro npoctpanctsa M. [Iuamerpom /
Ha3BIBaETCA THCI0 diam(Z) := sup, ¢, d(7,y).

3agaga 6.10. Ilycts f € Map(X,Y) — mo6oe oroGpaxkenue, & — BEIECTBEHHOE IUCIO, a O(f, &) —
cynpemyMm diam(f(B)) no Bcem e-mapam B B X. [Joxaxure, ¥to lim. ., d(f,e) = 0.

Ykasaume. [lycrh 3amaHa Takasd CXOMAMAACA K HYJIIO MOCICIOBATEIBHOCTH £;, KaKOTO-TO HAOOPA
Touek x; € X u monoxuTeabHou KoucTauTsl C umeem diam f (B, (z;))) > C. PaccMorpuM npeneasayio
TouKy ¥ mocaegoBarersHocTH {x;}. Torma B kaxkmgoMm e-mape BOKpYr x comepxurca B (x;) (misa
IOCTATOYHO OOJBIIOrO 4), W3 4Yero CleayeT, 9To 00pa3 dTOro e-mapa uMeeT auameTp Ooabine C'.
SHa4uT, [ He HempepbLIBHA.

3agaga 6.11 (!). I[Iycrs 3anana wenpepwiBHas Gyuxmua [ € Map(X,Y) [Toxkaxure, 970 f paBHO-
MEpHO HellpephIBHA.

Ykazanue. DTO yTBEPKIEHUE TABTOJOTUICCKN DKBUBAICHTHO lim, o d(f,2) = 0.

3agaga 6.12. Ilycts nano nogmuoxkectso W C Map(X,Y). lokaxkure, uro U paBHOMEPHO Hempe-
PBIBHO TOTJAa M TOJBKO TOrAa, Koraa lim, . osupcq 0(f,€) = 0.

3agaga 6.13 (*). Ilycts dy,(f, 9) < 7. Joxaxure, aro §(f,e) < d(g,¢) + 7.

3agadga 6.14 (*). IIycts {f;} — mocrenoBarersnocTs Komm B (Map(X,Y), dsyp). [Jokaxure, 4TO
OHa PABHOMEDHO HENPEPHIBHA.
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TOIIOJIOTUSA 6: IloTrodedHas u paBHOMEPHAA CXOAUMOCTH Mouma Bep6unxuit

Ykazanume. Ham HyXKHO TOKa3aThb, ITO
lim0 supd(fi,e) =0
e—0

Bocnoas30BaBMIICh IPeALIIYIICH 3agadell, yOeIUTeCh, 9TO IIA4 BCeX f;, JeXKAITUX B KAKOM-TO -
mape B (Map(X,Y), dsyp), wucaa 6(f;, &) oramdarorcs He GoJblme, deM Ha . BoiBenure m3 »TOrO,
aro sup; 0(fi,€) < 0(fn,€) + v mia ukcuposansoro N, a CIef0BATEIBHO,

supd(fi,e) < v+ maxd(fi, )
i <N
[Ipegen >Toro BeIpakeHuA pu € — 0 He GOJIBIIE 7, TTOCKOIBKY BCE f; PABHOMEPHO HEIIPEPLIBHEL
3aga4a 6.15 (*). Jokaxwure, uro merpuaeckoe npocrpancTso (Map(X,Y'), ds,p) moasoe.

3aga4a 6.16 (*). fsmserca am (Map(X,Y), dsyp) TOKATBHO KOMITAKTHBEIM?

Kpusasa Ileano

[Iycrs man orpesok [a,b]. Orobpaxenue [a, b] . R" waswmaerca auHeuHbIM, ecan f(Aa+ (1 —
ANb) = Af(a) + (1 = N)f(b), pra moboro 0 < A < 1. Orobpaxkenne HA3BLIBAETCA KyCOYHO JUHEU-
HBIM, €C/IM OTPE30K Pa3OuT HA MOJIO0TPE3KH [a, a1, [a1, asl, [as, as], . .., n f 1uHEeH HA KaX IOM M3 HTUX
nogoTpeskoB. O6pas KyCOIHO JTUHEHHOTO OTOOPAKEHUA HTO, OUCBUIHO, JOMAHAA.

[IycTh 1aHO KycOdIHO JuHenHOe oToOpaxenue f w3 orpeska [0, 1] B ksaapar [0, 1] x [0, 1] co creny-
IOLINM CBOUCTBOM: BCe cerMeHThI oManou f ([0, 1]) napa/siensHbl npaMon £ = y ubo OpAMOU T = —Y.

Mupivu cioBaMu, [/Is KaKIOrO MOAOTPE3Ka [a,ap], HA kKoropoMm f iuHeeH, f orobpaxaer |a,a;] B
IUArOHAJIL HEKOTOPOro KBajaparTa (), CO CTOPOHAMM, MapalLIeIbHBEIMUA 0CAM KoopamuarT. IIycrs Pl —
IPOCTPAHCTBO TAKUX KYCOYHO-IMHEHHBIX OTOOPAKEHUI.

OmpegenmuM omepanmoo ji, KOTOpas AeJaeT U3 KyCOYHO-IUHEMHOro oroOpaxkenus f € Pl ¢ k jau-
HEUHBIMU CEIMEHTAMU KYCOYHO-TUHENHOe OTOOpaxKenue ¢ 4k TMHEMHBIMEA CeTMEHTAMU:
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TOIIOJIOTUSA 6: IloTrodedHas u paBHOMEPHAA CXOAUMOCTH Mouma Bep6unxuit

I 1
— —

Omupenennm u(f) caegyrommm 06pa3om.

1. O6osmaunM 4epes ag, @y, . .., 0} KOHIBI CEIMEHTOB, HAa KOTOPHIX f Obll JuHenno. Torga pu(f)
orobpaxkaer a; B f(a;).

2. Pa3o0beM Kax b U3 CECMEHTOB [a;, d;41] HA YeThIPe PDABHBIE TACTH:

[b4i7 b4i+1]7 [b4i+17 b4i+2]7 [b4i+27 b4i+3]7 [b4i+37 b4i+4] .

/,L(f) 0T06pa>KaeT [b4i; b4i+1] JUHEHHO B [f(CLZ), f (%)], a [b4i+3; b4i+4] B [f (%) ,f(CLH_l)].

3. PaccmoTpuM KBajgpar, IMArOHAILIO KOTOPOrO ABAAeTCsa oTpe3ok [f(a;), f(a;y1)], m mepenymepy-
eM ero BepIIMHEL 0 YacoBou crperke: f(a;), A, f(ai11), B. Torga u(f) orobpaxaet [by;i1, baiio]

anueitno B [f (“F54) , Bl, a [biita, buiys] B [B, f (5],

M&1 moaydaeM Takyio JOMaHYIO:

3agaga 6.17. PaccMoTpuM OTPe30K W KBAAPAT KAK METPUIECKHE MPOCTPAHCTBA CO CTAHIAPTHOU
merpukon. Ilycts f € Pl, u caMblil GOIBIION TPAMOIMHENHBIN cerMeHT |f(a;), f(a;41)] coorBeTCTBY-
foment JoManon umeeT mauHy k. Torga de,(f, u(f)) < %
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TOIIOJIOTUSA 6: IloTrodedHas u paBHOMEPHAA CXOAUMOCTH Mouma Bep6unxuit

3agaga 6.18. Ilycts f € Pl, u caMblil GOJBIION TPAMOJIUHENHBIN cerMeHT |[f(a;), f(a;11)] coorBer-
CTBYIOIIEN JOMAHOUW uMeeT AauHy k. Toraa cambiii GOJBIION MPAMOJUHENHBIN cerMeHT B /i f) uMeeT
nuHy k/2.

3agaga 6.19. Ilycrs fo € Pl, f1 = u(fo),.. -, fo = pu(fa_1), a caMbiil GOIBIION TPAMOJIUHENHBIN
CerMeHT B JIOMAHOW, COOTBETCTBYIOMEN fy, umeeT miuny k. [Jokaxure, 9T0

k
dsup(fna fn+1) < m

3aga4a 6.20 (!). [Joxaxwure, uro {f;} — nocregoBareasrocTs Komu B MeTpuke dgyp.
3agaga 6.21. Ilycrs f € Pl, u 11 Bcex NPAMOJIMHENHBIX CEIMEHTOB [a;, G;11] B f, AiuHA

[f(ai)a f(ai+1)]

He Goabime, deM p(a; 1 — a;), TAe p - KAKOE-TO TOJOKUTEILHOE BEMIECTBEHHOE IuCa0. [JoKaxuTe, 9T0
d(f,e) < pe, vae 0(f,e) — QyHKIMS, ONpefeTeHHAS BHIIIE.

3agaga 6.22. Ilycrs fy € Pl, f1 = pu(fo),. ., fo = u(fu_1), m 11 BCeX NPAMOIMHENHBIX CEMMEHTOB
la;, a;11] B fo, nmmua [f(a;), f(air1)] He Goabie, dem p(a; 1 — a;). Jokaxure, 9o 0(fp,e) < p2”e.

3agaga 6.23. Ilycrs f € Pl, a cambiil GOJIBIION TPAMOIUHENHBIN cerMeHT [f(a;), f(a;41)] coorBer-
CTBYIOIIEN JOMaHOU uMeeT mauny k. Jokaxure, 9o 0(u(f),e) < 2% +4(f,¢e).

3agaga 6.24. Ilycrs fy € Pl, f1 = u(fo),.. -, fo = pu(fa_1), a caMbiil GOIBIION TPAMOJIUHENHBIN
CerMEHT B JOMAHOM, COOTBETCTBYIOMER fo, nMeeT miuHy k. [JoKaxmTe, ITO

k
= +p2m8 (1)

I TI0OBIX n, m (N > m)
3agada 6.25. B npenwiaymei 3agade, BosbMeM £ < 272" n > 2m. Bupente uz (1)

4k\2 + p

5(fne) < e

[lokaxure, 9TO AJA TPOU3BOJBHOTO 1

4k+/2
1.0 (L )

3agaga 6.26 (!). Ilycrs fy aumenno orobpaxaer [0,1/2] B orpesok [(0,0),(1,1)], a [1/2,1] — B
orpesok [(1,1),(0,0)]. Jokaxure, 970 MHOKECTBO {f;} PABHOMEDPHO HENPEPLIBHO.

Ykaszauue. BroiBequre us npebiaymen 3agadu, 9to lim, o sup;(d(f;,e)) = 0.

3agaga 6.27. Brsequre u3 Tteopemul Apuena-Ackonu, uTo npegex lim f; (B sup-merpuke) cyiie-
CTBYeT U sABIAeTCA HempepwiBHOW dyukunen P : [0, 1] — [0, 1] x [0, 1].
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Onpenenenne 6.5. Onupegenennas Boie GyHKIUI P HazbBaeTcsa KpuBasa IleaHo.

3aga4ua 6.28. Haugure P(q), rae ¢ = 5 (a € Z) — IBOMYHO-PAIMOHAILHOE THCIO.

3agaga 6.29. IlycThb Q3 — MHOXKECTBO JBOMYHO-PANMOHATLHBIX qucel. [Jokaxure, 910 P((Q)y) mior-
HO B KBaJIpaTe.

3agaga 6.30 (!). Joxaxwure, 9To 0o6pas P — 5TO BeCh KBaapar.
Ykazanue. Bocnoas3yurech TeM, 9TO 00pa3 KOMIAKTA KOMIAKTEH.

3agaga 6.31 (!). MoxHO JU CIOPBEKTUBHO U HeMpepbiBHO 0To6pasuTh [0, 1] Ha ky6? Ha ky6 ¢ BbI-
KOJOTOU TOYKOU?!
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